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1. Introduction
1.1. Hyperbolic dynamics

A feature of many real-life phenomena in areas as diverse as physics, biology, finance,
economics, and many others, is the random-like behaviour of processes which neverthe-
less are clearly deterministic. On the level of applications this dual aspect has proved very
problematic. Specific mathematical models tend to be developed either on the basis that
the process is deterministic, in which case sophisticated numerical techniques can be used
to attempt to understand and predict the evolution, or that it is random, in which case prob-
ability theory is used to model the process. Both approaches lose sight of what is probably
the most important and significant characteristic of the system which is precisely that it is
deterministic and has random-like behaviour. The theory of Dynamical Systems has con-
tributed a phenomenal amount of work showing that it is perfectly natural for completely
deterministic systems to behave in a very random-like way and achieving a quite remark-
able understanding of the mechanisms by which this occurs.

We shall assume that the state space can be represented by a compact Riemannian man-
ifold M and that the evolution of the process is given by a map f: M — M which is
piecewise differentiable. Following an approach which goes back at least to the first half
of the 20th century, we shall discuss how certain statistical properties can be deduced from
geometrical assumptions on f formulated explicitly in terms of “hyperbolicity” assump-
tions on the derivative map Df of f. This is often referred to as Hyperbolic Dynamics or
Smooth Ergodic Theory. The basic strategy is to construct certain geometrical structures
(invariant manifolds, partitions) which imply some statistical/probabilistic properties of the
dynamics. A striking and pioneering example of this is the work of Hopf on the ergodicity
of geodesic flows on manifolds of negative curvature [80]. The subject has grown enor-
mously since then to become of one of the key areas in the modern theory of Dynamical
Systems. This is reflected in the present handbook in which several surveys, see [1-3,5,
7-9] address different facets of the theory in the case of diffeomorphisms.

The main focus of these notes will be on the analogous theory for endomorphisms. In this
case the hyperbolicity conditions reduce to expansivity conditions. We shall concentrate
here on three particular types of results about expanding maps: the existence of Markov
structures, the existence of absolutely continuous invariant probability measures, and esti-
mates on the rates of decay of correlations. See also [13] for a more detailed treatment of
the theory and other results such as stochastic stability.

1.2. Expanding dynamics
We start with the basic definition of an expanding map.

DEFINITION 1. We say that f: M — M is (nonuniformly) expanding if there exists A > 0
such that
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