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CHAPTER 1

BASIC TOPOLOGY

Topology, sometimes referred to as “the mathematics of continuity”, or “rubber
sheet geometry”, or “the theory of abstract topological spaces”, is all of these, but,
above all, it is danguage used by mathematicians in practically all branches of
our science. In this chapter, we will learn the basic words and expressions of this
language as well as its “grammar”, i.e. the most general notions, methods and basic
results of topology. We will also start building the “library” of examples, both “nice
and natural” such as manifolds or the Cantor set, other more complicated and even
pathological. Those examples often possess other structures in addition to topology
and this provides the key link between topology and other branches of geometry.
They will serve as illustrations and the testing ground for the notions and methods
developed in later chapters.

1.1. Topological spaces

The notion of topological space is defined by means of rather simple and ab-
stract axioms. It is very useful as an “umbrella” concept which allows to use the
geometric language and the geometric way of thinking in a broad variety of vastly
different situations. Because of the simplicity and elasticity of this notion, very lit-
tle can be said about topological spaces in full generality. And so, as we go along,
we will impose additional restrictions on topological spaces, which will enable
us to obtain meaningful but still quite general assertions, useful in many different
situations in the most varied parts of mathematics.

1.1.1. Basic definitions and first examples.

DEFINITION 1.1.1. Atopological spaceis a pair(X,7) whereX is a set and
7T is a family of subsets ok (called thetopologyof X) whose elements are called
open setsuch that

(1) @, X € T (the empty set and itself are open),

(2) if {Oataca C T thenlJ, 4 On € T for any setA (the union of any
number of open sets is open),

() if {0;}F, c T, thenﬂf:1 O, € T (the intersection of a finite number
of open sets is open).

If z € X, then an open set containings said to be artopen neighborhood
of x.

We will usually omit7 in the notation and will simply speak about a “topo-
logical spaceX” assuming that the topology has been described.

3



4 1. BASIC TOPOLOGY

The complements to the open séisc 7 are callecclosedsets .

ExAmMPLE 1.1.2. Euclidean spac®"™ acquires the structure of a topological
space if its open sets are defined as in the calculus or elementary real analysis
course (i.e asetl C R" is open if for every point € A a certain ball centered in
x is contained inA).

ExampLE 1.1.3. If all subsets of the integef are declared open, theis a
topological space in the so—called discrete topology.

ExAMPLE 1.1.4. If in the set of real number® we declare open (besides the
empty set an®) all the half-lines{z € R|z > a}, a € R, then we do not obtain
a topological space: the first and third axiom of topological spaces hold, but the
second one does not (e.g. for the collection of all half lines with positive endpoints).

ExamPLE 1.1.5. Example 1.1.2 can be extended to provide the broad class of
topological spaces which covers most of the natural situations.

Namely, adistance functioror a metricis a function of two variables on a
set X (i,e, a function of the Cartesian produgf x X of X with itself) which
is nonnegative, symmetric, strictly positive outside the diagonal, and satisfies the
triangle inequality (see Definition 3.1.1). Then one defines an (open) ball or radius
r > 0 around a pointr € X as the set of all points at a distance less thdtom
X, and an open subset &f as a set which together with any of its points contains
some ball around that point. It follows easily from the properties of the distance
function that this defines a topology which is usually calledrttedric topology
Naturally, different metrics may define the same topology. We postpone detailed
discussion of these notions till Chapter 3 but will occasionally notice how natural
metrics appear in various examples considered in the present chapter.

TheclosureA of a setA C X is the smallest closed set containidgthat is,
A:=N{C | AcC CandC closed. AsetA C X is calleddense(or everywhere
densgif A = X. AsetA C X is callednowhere densé X \ A is everywhere
dense.

A point x is said to be armccumulation point(or sometimedimit point) of
A C X if every neighborhood af contains infinitely many points od.

A pointx € Ais called arinterior point of A if A contains an open neighbor-
hood ofz. The set of interior points ofl is called thenterior of A and is denoted
by Int A. Thus a set is open if and only if all of its points are interior points or,
equivalentlyA = Int A.

A point z is called aboundary pointof A if it is neither an interior point ofA
nor an interior point ofX \ A. The set of boundary points is called theundary
of A and is denoted by A. ObviouslyA = A U JA. Thus a set is closed if and
only if it contains its boundary.

EXERCISEL.1.1. Prove that for any sdtin a topological space we hadel C
0A andd(Int A) C 0A. Give an example when all these three sets are different.

A sequencqz; }ien C X is said toconvergeto = € X if for every open set
O containingzx there exists aiv € N such that{z;};~n C O. Any such pointz
is called dimit of the sequence.
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ExampPLE 1.1.6. In the case of Euclidean spa@* with the standard topol-
ogy, the above definitions (of neighborhood, closure, interior, convergence, accu-
mulation point) coincide with the ones familiar from the calculus or elementary
real analysis course.

ExAMPLE 1.1.7. For the real lineR with the discrete topology (all sets are
open), the above definitions have the following weird consequences: any set has
neither accumulation nor boundary points, its closure (as well as its interior) is the
set itself, the sequendé /n} does not converge t@

Let (X, 7) be a topological space. A sBtC X is calleddenseor everywhere
densén X if D = X. AsetA C X is callednowhere densi X \ A is everywhere
dense.

The spaceX is said to beseparabléef it has a finite or countable dense subset.
A pointz € X is calledisolatedif the one—point sefx} is open.

ExampPLE 1.1.8. The real lineR in the discrete topology isot separable
(its only dense subset B itself) and each of its points is isolated (i.e. is not an
accumulation point), buR is separable in the standard topology (the rationals
Q C R are dense).

1.1.2. Base of a topologyln practice, it may be awkward to lisil the open
sets constituting a topology; fortunately, one can often define the topology by de-
scribing a much smaller collection, which in a sense generates the entire topology.

DEFINITION 1.1.9. Abasefor the topology7 is a subcollectior C 7 such
that for anyO € 7 there is aB €  for which we haver € B C O.

Most topological spaces considered in analysis and geometry (but not in alge-
braic geometry) have eountable baseSuch topological spaces are often called
second countable

A base of neighborhoods of a poinis a collections of open neighborhoods
of x such that any neighborhood ofcontains an element @. If any point of
a topological space has a countable base of neighborhoods, then the space (or the
topology) is calledirst countable

ExampLE 1.1.10. Euclidean spac®™ with the standard topology (the usual
open and closed sets) has bases consisting of all open balls, open balls of rational
radius, open balls of rational center and radius. The latter is a countable base.

ExAmMPLE 1.1.11. The real line (or any uncountable set) in the discrete topol-
ogy (all sets are open) is an example of a first countable but not second countable
topological space.

ProOPOSITION1.1.12. Every topological space with a countable space is sep-
arable.

PROOF Pick a point in each element of a countable base. The resulting set is
at most countable. It is dense since otherwise the complement to its closure would
contain an element of the base. O
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1.1.3. Comparison of topologiesA topology S is said to bestronger (or
finer) than7 if 7 C S, andweaker(or coarse) if S C 7.

There are two extreme topologies on any set: the weakie#l topology
with only the whole space and the empty set being open, and the strongest or finest
discrete topologywhere all sets are open (and hence closed).

ExamMpPLE 1.1.13.On the two point seD, the topology obtained by declaring
open (beside® and @) the set consisting of one of the points (but not the other) is
strictly finer than the trivial topology and strictly weaker than the discrete topology.

PROPOSITION1.1.14. For any setX and any collectiorC of subsets ofX
there exists a unique weakest topology for which all sets ffare open.

PrRooF Consider the collectio which consist of unions of finite intersec-
tions of sets fronC and also includes the whole space and the empty set. By
properties (2) and (3) of Definition 1.1.1 in any topology in which sets féoane
open the sets frorfl” are also open. Collectioh satisfies property (1) of Defini-
tion 1.1.1 by definition, and it follows immediately from the properties of unions
and intersections thaf satisfies (2) and (3) of Definition 1.1.1. O

Any topology weaker than a separable topology is also separable, since any
dense set in a stronger topology is also dense in a weaker one.

EXERCISEL.1.2. How many topologies are there on the 2—element set and on
the 3—element set?

EXERCISEL.1.3. On the integel®, consider therofinitetopology for which
open sets are defined as unions (not necessarily finite) of arithmetic progressions
(non-constant and infinite in both directions). Prove that this defines a topology
which is neither discrete nor trivial.

ExXERCISEL.1.4. DefineZariskitopology in the set of real numbers by declar-
ing complements of finite sets to be open. Prove that this defines a topology which
is coarser than the standard one. Give an example of a sequence such that all points
are its limits.

EXERCISEL.1.5. On the sdk U {x}, define a topology by declaring open all
sets of the form{x} U G, whereG C R is open in the standard topology [&f

(a) Show that this is indeed a topology, coarser than the discrete topology on
this set.

(b) Give an example of a convergent sequence which has two limits.

1.2. Continuous maps and homeomorphisms

In this section, we study, in the language of topology, the fundamental notion
of continuity and define the main equivalence relation between topological spaces
—homeomaorphism.
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1.2.1. Continuous maps.The topological definition of continuity is simpler
and more natural than thed definition familiar from the elementary real analysis
course.

DEFINITION 1.2.1. Let(X,7) and (Y,S) be topological spaces. A map
f: X — Y is said to becontinuousf O € S implies f~(O) € T (preimages of
open sets are open):

f is anopen mapif it is continuous and) € 7 implies f(O) € S (images of
open sets are open);

f is continuous at the point if for any neigborhoodA of f(x) in Y the
preimagef—!(A) contains a neighborhood of

A function f from a topological space & is said to beupper semicontinuous
if f71(~o00,c) €7 forallceR:

lower semicontinuoui f~!(c,c0) € T for c € R.

EXERCISEL.2.1. Prove that a map is continuous if and only if it is continuous
at every point.

LetY be atopological space. For any collectiBrof maps from a seX (with-
out a topology) td” there exists a unique weakest topologyXmwhich makes all
maps fromF continuous; this is exactly the weakest topology with respect to which
preimages of all open sets Yhunder the maps fronk are open. IfF consists of a
single mapf, this topology is sometimes called thallback topologyn X under
the mapf.

EXERCISEL.2.2. Letp be the orthogonal projection of the squ&feon one of
its sides. Describe the pullback topology &n Will an open (in the usual sense)
disk insideK be an open set in this topology?

1.2.2. Topological equivalenceJust as algebraists study groups up to iso-
morphism or matrices up to a linear conjugacy, topologists study (topological)
spaces up to homeomorphism.

DerFINITION 1.2.2. Amapf : X — Y between topological spaces ifame-
omorphismif it is continuous and bijective with continuous inverse.

If there is a homeomorphisti — Y, thenX andY are said to b@domeomor-
phic or sometimesopologically equivalent

A property of a topological space that is the same for any two homeomorphic
spaces is said to betapological invariant.

The relation of being homeomorphic is obviously an equivalence relation (in
the technical sense: it is reflexive, symmetric, and transitive). Thus topological
spaces split into equivalence classes, sometimes datledtomorphy classe$n
this connection, the topologist is sometimes described as a person who cannot dis-
tinguish a coffee cup from a doughnut (since these two objects are homeomor-
phic). In other words, two homeomorphic topological spaces are identical or in-
distinguishable from the intrinsic point of view in the same sense as isomorphic
groups are indistinguishable from the point of view of abstract group theory or
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T

FIGURE 1.2.1. The open interval is homeomorphic to the real line

two conjugaten x n matrices are indistinguishable as linear transformations of an
n-dimensional vector space without a fixed basis.

there is a problem with
positioning this figure in the
page

ExAamPLE 1.2.3. The figure shows how to construct homeomorphisms between
the open interval and the open half-circle and between the open half-circle and the
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real line R, thus establishing that the open interval is homeomorphic to the real
line.

EXERCISE1.2.3. Prove that the sphe$é with one point removed is homeo-
morphic to the plan&?.

EXERCISE1.2.4. Prove that any open ball is homeomorphiito

EXERCISE1.2.5. Describe a topology on the &t U {+} which will make it
homeomorphic to the sphefg.

To show that certain spaces are homeomorphic one needs to exhibit a home-
omorphism; the exercises above give basic but important examples of homeomor-
phic spaces; we will see many more examples already in the course of this chapter.
On the other hand, in order to show that topological spaces are not homeomorphic
one need to find an invariant which distinguishes them. Let us consider a very basic
example which can be treated with tools from elementary real analysis.

ExAMPLE 1.2.4. In order to show that closed interval is not homeomorphic to
an open interval (and hence by Example 1.2.3 to the real line) notice the following.
Both closed and open interval as topological spaces have the property that the
only sets which are open and closed at the same time are the space itself and the
empty set. This follows from characterization of open subsets on the line as finite or
countable unions of disjoint open intervals and the corresponding characterization
of open subsets of a closed interval as unions of open intervals and semi-open
intervals containing endpoints. Now if one takes any point away from an open
interval the resulting space with induced topology (see below) will have two proper
subsets which are open and closed simultaneously while in the closed (or semi-
open) interval removing an endpoint leaves the space which still has no non-trivial
subsets which are closed and open.

In Section 1.6 we will develop some of the ideas which appeared in this simple
argument systematically.

The same argument can be used to show that the reaRliisenot homeo-
morphic to Euclidean spad®” for n > 2 (see Exercise 1.7.7). It is not sufficient
however for proving thaR? is not homeomorphi®3. Nevertheless, we feel that
we intuitively understand the basic structure of the sgdteand that topologi-
cal spaces which locally look liké™ (they are calledr{-dimensionaltopological
manifoldd are natural objects of study in topology. Various examples of topo-
logical manifolds will appear in the course of this chapter and in Section 2.2 we
will introduce precise definitions and deduce some basic properties of topological
manifolds.

1.3. Basic constructions

1.3.1. Induced topology.If Y C X, thenY can be made into a topological
space in a natural way by taking threluced topology

Ty :={0NY | 0T}
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FIGURE 1.3.1. Induced topology

EXAMPLE 1.3.1. The topology induced froR"*! on the subset
n+1

{(@1, . @, Ty Zx? =1}
i=1

produces the (standard, or unit}-sphereS™. For n = 1 it is called the(unit)
circleand is sometimes also denotedThy

ExercIse1.3.1. Prove that the boundary of the square is homeomorphic to
the circle.

EXERCISE 1.3.2. Prove that the sphe88 with any two points removed is
homeomorphic to the infinite cylindéf := {(z,y, z) € R3|2? + y* = 1}.

EXERCISEL.3.3. LetS := {(x,y,2) € R®|2 =0, 2? + y* = 1}. Show that
R3\ S can be mapped continuously onto the circle.

1.3.2. Product topology.If (X,,7,), « € A are topological spaces andis
any set, then thproduct topologyon ] . 4, X is the topology determined by the
base

{HOa | O € 7o, On # X, for only finitely manya}.

ExAmMPLE 1.3.2. The standard topology ifR™ coincides with the product
topology on the product of copies of the real lind.

ExampLE 1.3.3. The product ofn copies of the circle is called the
n—torusand is usually denoted B§”. Then— torus can be naturally identified
with the following subset d&?":

{(z1,...29n) : 25, | +23, =1, i=1,...,n}
with the induced topology.
ExaMPLE 1.3.4. The product of countably many copies of the two—point space,

each with the discrete topology, is one of the representations @ahnéor set{see
Section 2.1 for a detailed discussion).
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FIGURE 1.3.2. Basis element of the product topology

ExaMPLE 1.3.5. The product of countably many copies of the closed unit in-
terval is called theHilbert cube It is the first interesting example of a Hausdorff
space (Section 1.4) “too big” to lie inside (that is, to be homeomorphic to a subset
of) any Euclidean spacd®™. Notice however, that not only we lack means of prov-
ing the fact right now but the elementary invariants described later in this chapter
are not sufficient for this task either.

EXERCISE 1.3.4. Describe a homeomorphism between the Hilbert cube and
a closed subset of the unit ball in the Hilbert spatef the square-integrable
sequences of reals with topology determined by the norm.

1.3.3. Quotient topology. Consider a topological spa¢&’, 7) and suppose
there is an equivalence relatiendefined onX. Let« be the natural projection of
X on the setX of equivalence classes. Thaentification spacer quotient space
X/~ = (X,S) is the topological space obtained by calling aGet X open if
771(0) is open, that is, taking oA the finest topology for whichr is continuous.
For the moment we restrict ourselves to “good” examples, i.e. to the situations
where quotient topology is natural in some sense. However the reader should be
aware that even very natural equivalence relations often lead to factors with bad
properties ranging from the trivial topology to nontrivial ones but lacking basic
separation properties (see Section 1.4). We postpone description of such examples
till Section 2.3.2.

ExaMPLE 1.3.6. Consider the closed unit interval and the equivalence rela-
tion which identifies the endpoints. Other equivalence classes are single points
in the interior. The corresponding quotient space is another representation of the
circle.

The product of, copies of this quotient space gives another definition of the
n—torus.

ExERCISE 1.3.5. Describe the representation of thdorus from the above
example explicitly as the identification space of the writubel™:

{(z1,...,2p) eR":0<2; <1, i=1,...n.
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ExAMPLE 1.3.7. Consider the following equivalence relation in punctured
Euclidean spac&™"! \ {0}:
(1, s @ng1) ~ Y1y oy Yny1) Iff yy = Az forall i=1,... ,n+1

with the same real numbex. The corresponding identification space is called the
real projectiven—spaceand is denoted bR P(n).

A similar procedure in which\ has to be positive gives another definition of
the n—sphereS™.

EXAMPLE 1.3.8. Consider the equivalence relation @+ \ {0}:
(1, oy Tps1) ~ Y1y oy Ynt1) Iff yy=Az; forall i =1,...,n+1

with the same complex numbkrThe corresponding identification space is called
the complex projectiver—spaceand is detoted b P(n).

EXAMPLE 1.3.9. The mapE : [0,1] — S!', E(z) = exp 27izr establishes
a homeomorphism between the interval with identified endpoints (Example 1.3.6)
and the unit circle defined in Example 1.3.1.

ExAamMPLE 1.3.10. The identification of the equator of the 2-sphere to a point
yields two spheres with one common point.

FIGURE 1.3.3. The sphere with equator identified to a point

ExampPLE 1.3.11.Identifying the short sides of a long rectangle in the natural
way yields the lateral surface of the cylinder (which of course is homeomorphic
to the annulus), while the identification of the same two sides in the “wrong way”
(i.e., after a half twist of the strip) produces the famoushidis strip. We assume
the reader is familiar with the failed experiments of painting the two sides of the
Mobius strip in different colors or cutting it into two pieces along its midline. An-
other less familiar but amusing endeavor is to predict what will happen to the
physical object obtained by cutting a papebMus strip along its midline if that
object s, in its turn, cut along its own midline.

EXERCISE 1.3.6. Describe a homeomorphism between the téfugExam-
ple 1.3.3) and the quotient space described in Example 1.3.6 and the subsequent
exercise.
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FIGURE 1.3.4. The Mbius strip

ExAMPLE 1.3.12. There are three natural ways to identify points on the pairs
of opposite sides of the unit square:

(1) by parallel translations on both pairs; this produces the tofifs

(2) by rotations byr around the center of the square; this gives another
representation of the projective plaieP(2)

(3) by the parallel translation for one pair and rotation hyfor the other;
the resulting identification space is called tkkin bottle

EXeERCISE1.3.7. Consider the regular hexagon and identify pairs of opposite
sides by corresponding parallel translations. Prove that the resulting identification
space is homeomorphic to the tof&

ExXERCISE1.3.8. Describe a homeomorphism between the si#fie(Exam-
ple 1.3.1) and the second quotient space of Example 1.3.7.

EXERCISE1L.3.9. Prove that the real projective sp&de(n) is homeomorphic
to the quotient space of the sphéfewith respect to the equivalence relation which
identifies pairs of opposite points:and—z.

EXeERcISE 1.3.10. Consider the equivalence relation on the closed unit ball
D™ in R"™:

{(z1,...,2,) : Z:pf <1}
i=1

which identifies all points oBD" = S"~! and does nothing to interior points.
Prove that the quotient space is homeomorphigto

EXERCISE1.3.11. Show tha€ P(1) is homeomorphic t&2.

DEFINITION 1.3.13. TheconeCone(X) over a topological spac& is the
quotient space obtained by identifying all points of the fdum1) in the product
(X x [0, 1] (supplied with the product topology).

The suspensiorE(X) of a topological spac& is the quotient space of the
productX x [—1, 1] obtained by identifying all points of the formx 1 and iden-
tifying all points of the formz x —1. By convention, the suspension of the empty
set will be the two-point se3°.
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The join X Y of two topological spaceX andY , roughly speaking, is
obtained by joining all pairs of pointge,y), z € X, y € Y, by line segments
and supplying the result with the natural topology; more precis€le,Y is the
quotient space of the produét x [—1, 1] x Y under the following identifications:

(x,—1,y) ~ (z,—1,y') foranyz € X and ally,y’ €Y,
(x,1,y) ~ («/,1,y) foranyy € Y and allz, 2’ € X.

EXAMPLE 1.3.14. (a) Cone(x) = D! andCone(D" 1) = D" for n > 1.

(b) The suspensioB(S™) of then-sphere is thén + 1)-sphereS™ 1,

(c) The join of two closed intervals is the 3-simplex (see the figure).

FIGURE 1.3.5. The 3-simplex as the join of two segments

ExERCISE1.3.12. Show that the cone over the sph&tds (homeomorphic
to) the diskD"*1.

ExERcISE1.3.13. Show that the join of two sphe@sandS' is (homeomor-
phic to) the sphergk+i+1,

EXERCISE1.3.14. Is the join operation on topological spaces associative?

1.4. Separation properties

Separation properties provide one of the approaches to measuring how fine is
a given topology.

1.4.1. T1, Hausdorff, and normal spacesHere we list, in decreasing order
of generality, the most common separation axioms of topological spaces.

DEFINITION 1.4.1. Atopological spaceX, 7) is said to be a

(T1) spaceif any point is a closed set. Equivalently, for any pair of points
x1, 22 € X there exists a neighborhood of not containinges;

(T2) or Hausdorff spaceif any two distinct points possess nonintersecting
neighborhoods;

(T4) or normal spaceif it is Hausdorff and any two closed disjoint subsets
possess nonintersecting neighborhodds.

It follows immediately from the definition of induced topology that any of the
above separation properties is inherited by the induced topology on any subset.

IHausdorff (or (T1)) assumption is needed to ensure that there are enough closed sets; specifi-
cally that points are closed sets. Otherwise trivial topology would satisfy this property.
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0,

T Hausdorff

%

FIGURE 1.4.1. Separation properties

EXERCISE1.4.1. Prove that in a (T2) space any sequence has no more than
one limit. Show that without the (T2) condition this is no longer true.

EXERCISE1.4.2. Prove that the product of two (T1) (respectively Hausdorff)
spaces is a (T1) (resp. Hausdorff) space.

REMARK 1.4.2. We will see later (Section 2.3) that even very naturally defined
equivalence relations in nice spaces may produce quotient spaces with widely vary-
ing separation properties.

The word “normal” may be understood in its everyday sense like “common-
place” as in “a normal person”. Indeed, normal topological possess many proper-
ties which one would expect form commonplaces notions of continuity.

Most natural topological spaces which appear in analysis and geometry (but
not in some branches of algebra) are normal. Now we mention the most important
instance of non-normal topology.

1.4.2. Zariski topology. The topology that we will now introduce and seems
pathological in several aspects (it is non-Hausdorff and does not possess a count-
able base), but very useful in applications, in particular in algebraic geometry. We
begin with the simplest case which was already mentioned in Example 1.1.4

DEFINITION 1.4.3. TheZariski topologyon the real lineR is defined as the
family Z of all complements to finite sets.

PrROPOSITION1.4.4. The Zariski topology given above endoRswith the
structure of a topological spac®( Z), which possesses the following properties:
(1) itisa(T1) space;
(2) itis separable;
(3) itis not a Hausdorff space;
(4) it does not have a countable base.

PrRoOOF All four assertions are fairly straightforward:

(1) the Zariski topology on the real line is (T1), because the complement to
any point is open;

(2) it is separable, since it is weaker than the standard topoloBy in

(3) it is not Hausdorff, because any two nonempty open sets have honempty
intersection;

(4) it does not have a countable base, because the intersection of all the sets in
any countable collection of open sets is nonemply and thus the complement to any
point in that intersection does not contain any element from that collectiorn.]
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The definition of Zariski topology oiR (Definition 1.4.3) can be straightfor-
wardly generalized t®R"™ for anyn > 2, and the assertions of the proposition
above remain true. However, this definition is not the natural one, because it gen-
eralizes the “wrong form” of the notion of Zariski topology. The “correct form” of
that notion originally appeared in algebraic geometry (which studies zero sets of
polynomials) and simply says that closed sets in the Zariski topolody @ sets
of zeros of polynomialg(z) € R[x]. We will not discuss it here.

1.5. Compactness

The fundamental notion of compactness, familiar from the elementary real
analysis course for subsets of the real [iher of Euclidean spacR”, is defined
below in the most general topological situation.

1.5.1. Types of compactnessA family of open sets{O,} C 7, a € A is
called anopen coveof a topological spac& if X = (J,c4 Oa, and is a finite
open cover ifA is finite.

DEFINITION 1.5.1. The spaceX, 7)) is called

e compactif every open cover o has a finite subcover;

e sequentially compacif every sequence has a convergent subsequence;

e o—compacitf it is the union of a countable family of compact sets.

e locally compactif every point has an open neighborhood whose closure is
compact in the induced topology.

It is known from elementary real analysis that for subsetsi®f @ompactness
and sequential compactness are equivalent. This fact naturally generalizes to metric
spaces (see Proposition 3.6.4).

PrROPOSITION1.5.2. Any closed subset of a compact set is compact.

ProOOE If K is compact(C C K is closed, and’ is an open cover fof’, then
I'y := T U{K ~ C}is an open cover fof, hencel'y contains a finite subcover
I U{K ~ C} for K; thereforel” is a finite subcover (of) for C'. O

PropPoOSITION1.5.3. Any compact subset of a Hausdorff space is closed.

PROOF Let X be Hausdorff and le€ C X be compact. Fix a point €
X ~ C and for eachy € C take neighborhood&, of y andV, of = such that
Uy,NV, = @. Then{,.-U, D C is a cover ofC and has a finite subcover
{U;, | 0 <i < n}. HenceN, := (", V,, is a neighborhood af disjoint from
C. Thus

X~Cc= | M
zeX\C

is open and therefor€ is closed. O

PrROPOSITION1.5.4. Any compact Hausdorff space is hormal.
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PROOF First we show that a closed sEtand a poinp ¢ K can be separated
by open sets. For € K there are open set3,, U, such that: € O,, p € U, and
O, NU, = @. SinceK is compact, there is a finite subcov@r=J;" , O, D K,
andU := (", U,, is an open set containingdisjoint fromO.

Now supposés, L are closed sets. Fpre L, consider open disjoint setg, O
K, U, > p. By the compactness @f, there is a finite subcovcéf::LJ;”:1 Up; O L,
and so0 := ﬂ;.”:l Op, D K is an open set disjoint frol > L. O

DEeFINITION 1.5.5. A collection of sets is said to have thimite intersection
propertyif every finite subcollection has nonempty intersection.

PROPOSITION1.5.6. Any collection of compact sets with the finite intersection
property has a nonempty intersection.

PrROOEF It suffices to show that in a compact space every collection of closed
sets with the finite intersection property has nonempty intersection. Arguing by
contradiction, suppose there is a collection of closed subsets in a compacfspace
with empty intersection. Then their complements form an open cov&r. &ince
it has a finite subcover, the finite intersection property does not hold. O

ExXERCISE 1.5.1. Show that if the compactness assumption in the previous
proposition is omitted, then its assertion is no longer true.

EXERCISE1.5.2. Prove that a subset&for of R™ is compact iff it is closed
and bounded.

1.5.2. Compactifications of non-compact spaces.

DEFINITION 1.5.7. A compact topological spaéé is called acompactifica-
tion of a Hausdorff spacéX,7) if K contains a dense subset homeomorphic to
X.

The simplest example of compactification is the following.

DEFINITION 1.5.8. Theone-point compactificatioof a noncompact Haus-
dorff spaceg X, 7) is X := (X U {0}, S), where

S:=TU{(XU{o0})\ K | K C X compac}.

EXeERcISE 1.5.3. Show that the one-point compactification of a Hausdorff
spaceX is a compact (T1) space witki as a dense subset. Find a necessary and
sufficient condition onX which makes the one-point compactification Hausdorff.

EXeERcCISEL.5.4. Describe the one-point compactificatiorRéf
Other compactifications are even more important.

ExAMPLE 1.5.9. Real projective spac® P(n) is a compactification of the Eu-
clidean spacéR™. This follows easily form the description & (n) as the iden-
tification space of a (say, northern) hemisphere with pairs of opposite equatorial
points identified. The open hemisphere is homeomorpHhi'tand the attached
“set at infinity” is homeomorphic to the projective spaké (n — 1).
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ExXeERcCISE1.5.5. Describe the complex projective sp&te(n) (see Exam-
ple 1.3.8) as a compactification of the sp&te(which is of course homeomorphic
to R?"). Specifically, identify the set of added “points at infinity” as a topological
space. and desribe open sets which contain points at infinity.

1.5.3. Compactness under products, maps, and bijectiong.he following
result has numerous applications in analysis, PDE, and other mathematical disci-
plines.

THEOREM 1.5.10. The product of any family of compact spaces is compact.

PROOF Consider an open covérof the product of two compact topological
spacesX andY. Since any open neighborhood of any point contains the product
of opens subsets inandY we can assume that every elemen€a$ the product
of open subsets it andY. Since for eachx € X the subsefz} x Y in the
induced topology is homeomorphic ¥0 and hence compact, one can find a finite
subcollectiorC, C C which covers{z} x Y.

For(z,y) € X x Y, denote by, the projection on the first factopy (z, y) =
z. LetU, = ﬂc*eoz p1(C); this is an open neighborhood afand since the
elements of0, are products@, coversU, x Y. The setdf,, x € X form
an open cover ofX. By the compactness oX, there is a finite subcover, say
{Us,,..., Uy, }. Then the union of collection®,,,...,O,, form a finite open
cover of X x Y.

For a finite number of factors, the theorem follows by induction from the as-
sociativity of the product operation and the case of two factors. The proof for an
arbitrary number of factors uses some general set theory tools based on axiom of
choice. O

ProPOSITION1.5.11. The image of a compact set under a continuous map is
compact.

PrROOF If C is compact and: C — Y continuous and surjective, then any
open coveil of Y induces an open covégil' := {f~1(O) | O € T'} of C which
by compactness has a finite subcoy¢r'(0O;) | i = 1,...,n}. By surjectivity,
{O;}?_, is a cover forY'. O

Since the real line is an ordered set and any compact subset is bounded and
contains the maximal and the minimal element we immediately obtain an important
classical result from real analysis.

COROLLARY 1.5.12. Any continuous real-valued function on a compact topo-
logical space is bounded from above and below and attains its maximal and mini-
mal values.

A useful application of the notions of continuity, compactness, and separation
is the following simple but fundamental result, sometimes referredittvasance
of domain

PrROPOSITION1.5.13. A continuous bijection from a compact space to a Haus-
dorff space is a homeomorphism.
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PROOF SupposeX is compactY Hausdorff,f: X — Y bijective and con-
tinuous, and) C X open. TherC := X \ O is closed, hence compact, afit”')
is compact, hence closed, $60) =Y ~ f(C) (by bijectivity) is open. O

Using Proposition 1.5.4 we obtain

COROLLARY 1.5.14. Under the assumption of Proposition 1.5.13 spa&es
andY are normal.

EXERCISEL.5.6. Show that for noncompaktthe assertion of Proposition 1.5.13
no longer holds.

1.6. Connectedness and path connectedness

There are two rival formal definitions of the intuitive notion of connectedness
of a topological space. The first is based on the idea that such a space “consists
of one piece” (i.e., does not “fall apart into two pieces”), the second interprets
connectedness as the possibility of “moving continuously from any point to any
other point”.

1.6.1. Definition and invariance under continuous maps.

DEFINITION 1.6.1. A topological spaceX,7) is said to be

e connectedf X cannot be represented as the union of two nonempty disjoint
open sets (or, equivalently, two nonempty disjoint closed sets);

e path connectedf for any two pointszg, x; € X there exists a path joining
xo to 1, i.e., a continuous mag [0, 1] — X such that(i) = x;, i = {0, 1}.

PrROPOSITION1.6.2. The continuous image of a connected spacés con-
nected.

PROOEF If the image is decomposed into the union of two disjoint open sets,
the preimages of theses sets which are open by continuity would give a similar
decomposition forX. O

PROPOSITION1.6.3. (1) Interval is connected
(2) Any path-connected space is connected.

PrROOFE (1) Any open subsek of an interval is the union of disjoint open
subintervals. The complement &f contains the endpoints of those intervals and
hence cannot be open.

(2) SupposeX is path-connected and let= Xy U X, whereX, and X are
open and nonempty. Lefy € Xy, 21 € X; ande: [0,1] — X is a continuous
map such that(i) = x;, i € {0,1}. By Proposition 1.6.2 the imag#€|0, 1]) is a
connected subset & in induced topology which is decomposed into the union of
two nonempty open subset§0, 1]) N X, ande([0, 1]) N X7, a contradiction. [

REMARK 1.6.4. Connected space may not be path-connected as is shown by
the union of the graph ofin 1/2 and{0} x [—1, 1] in R? (see the figure).
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FIGURE 1.6.1. Connected but not path connected space

ProOPOSITION1.6.5. The continuous image of a path connected sp&cis
path connected.

PROOF Let f : X — Y be continuous and surjective; take any two points
y1,¥2 € Y. Then by surjectivity the sets~!(y;), i = 1,2 are nonempty and we
can choose points; € f~!(y1),i = 1,2. SinceX is path connected, there is a
patha : [0, 1] — X joining z; to zo. But then the patlf o « joinsy; to ys. O

FIGURE 1.6.2. Path connectedness

1.6.2. Products and guotients.

PROPOSITIONL.6.6. The product of two connected topological spaces is con-
nected.

PROOF SupposeX, Y are connected and assume thatx Y = AU B,
whereA andB are open, andlN B = @. Then eitherd = X; x Y for some open
X1 C X orthereexistsam € X suchthafz} xYNA # @gand{z}xYNB # &.

The former case is impossible, else we would hBve (X \ X;) x Y and so
X = X; U (X \ X1) would not be connected.

In the latter casey” = po({x} x Y NA)Upe({z} x Y N B) (Whereps(x,y) =
y is the projection on the second factor) that {s;} x Y is the union of two
disjoint open sets, hence not connected. Obviopslyestricted to{z} x Y is a
homeomorphism ont¥’, and soY is not connected either, a contradiction. [
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PrROPOSITION1.6.7. The product of two path-connected topological spaces is
connected.

PROOF Let (zg,%0), (z1,41) € X x Y andcy, cy are paths connecting,
with 21 andyg with y; correspondingly. Then the path [0,1] — X x Y defined

by
c(t) = (ex(t), ey (1))
connects z, yo) With (21, y1). O

The following property follows immediately from the definition of the quotient
topology

PrROPOSITION1.6.8. Any quotient space of a connected topological space is
connected.

1.6.3. Connected subsets and connected componenfssubset of a topo-
logical space ixonnected path connectepif it is a connected (path connected)
space in the induced topology.

A connected componentof a topological spac& is a maximal connected
subset ofX.

A path connected componertf X is a maximal path connected subsefof

ProPOSITION1.6.9. The closure of a connected sub®etC X is connected.

PROOF. If Y =Y; UY>, whereY;, Y; are open and; NY, = @, then since
the setY” is dense in its closur® = (Y NY;) U (Y N Y,) with bothY Nn'Y; and
Y NY; open in the induced topology and nonempty. O

CoROLLARY 1.6.10. Connected components are closed.

PrROPOSITION1.6.11. The union of two connected subs&isY, C X such
thatY; N Y, # @, is connected.

PrROOF We will argue by contradiction. Assume thet N Y5 is the disjoint
union of of open set&; andZ,. If Z; D Y;, thenY; = Z,U(Z;NY3) and hencé’,
is not connected. Similarly, it is impossible that © Y;. ThusY1 N Z; # @, i =
1,2 and henc&; = (Y1 N Z1) U (Y1 N Z32) and hencé’ is not connected. [

1.6.4. Decomposition into connected components:or any topological space
there is a uniquelecomposition into connected componearid a uniqualecom-
position into path connected componenihe elements of these decompositions
are equivalence classes of the following two equivalence relations respectively:

(i) = is equivalent tgy if there exists a connected sub¥et_ X which contains
x andy.

In order to show that the equivalence classes are indeed connected components,
one needs to prove that they are connected. Fad i§ an equivalence class,
assume thadl = A, U As, whereA; and A, are disjoint and open. Pick € A;
andx, € As and find a closed connected s&f which contains both points. But
thenA C (A; U As) U As, which is connected by Proposition 1.6.11. Hence
A= (A1 UA;3)UAs) andA is connected.
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(i) = is equivalent tay if there exists a continuous curve [0, 1] — X with
c(0) ==, c(1) =y

REMARK 1.6.12. The closure of a path connected subset may be fail to be path
connected. It is easy to construct such a subset by looking at Remark 1.6.4

1.6.5. Arc connectednessArc connectedness is a more restrictive notion than
path connectedness: a topological spAces calledarc connectedff, for any two
distinct pointsz,y € X there exist an arc joining them, i.e., there is an injective
continuous mag : [0, 1] — X such that,(0) = = andh(1) = y.

It turns out, however, that arc connectedness is not a much more stronger re-
qguirement than path connectedness — in fact the two notions coincide for Hausdorff
spaces.

THEOREM1.6.13. A Hausdorff space is arc connected if and only if it is path
connected.

PROOF LetX be a path-connected Hausdorff spagex; € X andc: [0, 1] —
X a continuous map such the) = z;, « = 0, 1. Notice that the image([0, 1])
is a compact subset of by Proposition 1.5.11 even though we will not use that
directly. We will change the map within this image by successively cutting of
superfluous pieces and rescaling what remains.

Consider the point(1/2). If it coincides with one of the endpoints, or x;
we definec; (t) asc(2t — 1) or ¢(2t) correspondingly. Otherwise consider pairs
to < 1/2 < t; such thate(tg) = c(t1). The set of all such pairs is closed in the
product0, 1] x [0, 1] and the functiont, — ¢1| reaches maximum on that set. If this
maximum is equal to zero the maps already injective. Otherwise the maximum
is positive and is reached at a péis, b; ). we define the map, as follows

c(t/2a1), if 0<t<a,
Cl(t): 6(1/2), Zf aq StSbl,
c(t/2(1—b1)+ (1 —01)/2), ifby <t <1

Notice thate; ([0,1/2)) andeg((1/2,1]) are disjoint since otherwise there would
exista’ < a; < by < b’ such thate(a’) = ¢(b') contradicting maximality of the
pair (ay, by).

Now we proceed by induction. We assume that a continuous map
cn: [0,1] —  ¢([0,1]) has been constructed such that the images of intervals
(k/2", (k+1)/2™), k=0,...,2" —1 are disjoint. Furthermore, while we do not
exclude that,,(k/2") = ¢, ((k + 1)/2™) we assume that, (k/2") # ¢, (1/2") if
|k —1| > 1.

We finda®, b¥ maximizing the differencé, — ¢1| among all pairs

(to,tl) : k‘/Qn <t <t1 < (/{—I—l)/?n

and construct the map,; on each intervdlk /2", (k+1)/2"] as above with,, in
place ofc anda”, b* in place ofa;, b; with the proper renormalization. As before

n»-n

special provision are madedf, is injective on one of the intervals (in this case we
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setc,11 = ¢,) Of if the image of the midpoint coincides with that of one of the
endpoints (one half is cut off that the other renormalized). O

1.7. Problems

EXERCISE1.7.1. How many non-homeomorphic topologies are there on the
2—element set and on the 3—element set?

EXERCISEL.7.2. LetS := {(7,y,2) € R3|z =0, 2% + y? = 1}. Show that
R3\ S can be mapped continuously onto the circle.

EXERCISE1.7.3. Consider the product topology on the product of countably
many copies of the real line. (this product space is sometimes deR&tgd

a) Does it have a countable base?

b) Is it separable?

EXERCISE1.7.4. Consider the spagkof all bounded map% — Z with the
topology of pointwise convergece.

a) Describe the open sets for this topology.

b) Prove thatZ is the countable union of disjoint closed subsets each homeo-
morphic to a Cantor set.

Hint: Use the fact that the countable product of two—point spaces with the
product topology is homeomorphic to a Cantor set.

EXERCISE 1.7.5. Consider therofinite topology onZ in which open sets
are defined as unions (not necessarily finite) of (non-constant and infinite in both
directions) arithmetic progressions. Show that it is Hausdorff but not discrete.

EXERCISEL.7.6. Letl*® be the product of countably many copies of the circle
with the product topology. Define the map: Z — T by
o(n) = (exp(2min/2), exp(2min/3), exp(2min/4), exp(2mwin/5), ... )

Show that the map is injective and that the pullback topology @iiZ) coincides
with its profinite topology.

EXERCISEL.7.7. Prove thaR (the real line) andR? (the plane with the stan-
dard topology) are not homeomorphic.
Hint: Use the notion of connected set.

EXERCISEL.7.8. Prove that the interior of any convex polygoiRhis home-
omorphic toR2.

EXERCISE1.7.9. Prove that any open convex subseRoéfis homeomorphic
to R2.
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EXERCISE 1.7.10. Prove that any compact topological space is sequentially
compact.

EXERCISEL.7.11. Prove that any sequentially compact topological space with
countable base is compact.

EXERCISEL.7.12. Give an example of a path connected but not arc connected
topological space.



CHAPTER 2

SPECIAL CLASSES OF TOPOLOGICAL SPACES

2.1. Totally disconnected spaces and Cantor sets

On the opposite end from connected spaces are those spaces which do not have
any connected nontrivial connected subsets at all.

2.1.1. Examples of totally disconnected spaces.

DEFINITION 2.1.1. A topological spacéX,7) is said to betotally discon-
nectedif every point is a connected component. In other words, the only connected
subsets of a totally disconnected spacare single points.

Discrete topologies (all points are open) give trivial examples of totally dis-
connected topological spaces. Another example is the set

{011 11 }
) 7273747"'7

with the topology induced from the real line. More complicated examples of com-
pact totally disconnected space in which isolated points are dense can be easily
constructed. For instance, one can consider the set of rational nuf@bersR
with the induced topology (which is not locally compact).

The most fundamental (and famous) example of a totally disconnected set is
the Cantor set, which we now define.

DEFINITION 2.1.2. The (standard middle-thir@antor setC(1/3) is defined
as follows:

[e.9]

0(1/3);:{9661&:95:2%, ;€ 0,2}, i:1,2,...}.

i=1

Geometrically, the construction of the s€{1/3) may be described in the
following way: we start with the closed intervdl, 1], divide it into three equal
subintervals and throw out the (open) middle one, divide each of the two remain-
ing ones into equal subintervals and throw out the open middle ones and continue
this procesad infinitum What will be left? Of course the (countable set of) end-
points of the removed intervals will remain, but there will also be a much larger
(uncountable) set of remaining “mysterious points”, namely those which do not
have the ternary digit 1 in their ternary expansion.

25
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FIGURE2.1.1. Two Cantor sets

2.1.2. Lebesgue measure of Cantor set3here are many different ways of
constructing subsets @, 1] which are homeomorphic to the Cantor 64l /3).
For example, instead of throwing out the middle one third intervals at each step,
one can do it on the first step and then throw out intervals of Ieﬁgm the middle
of two remaining interval and inductively throw out the interval of Ieng@nﬁ
in the middle of each of™ intervals which remain aftet steps. Let us denote the
resulting se”

ExERCISE2.1.1. Prove (by computing the infinite sum of lengths of the deleted
intervals) that the Cantor sét(1/3) has Lebesgue measure 0 (which was to be ex-
pected), whereas the g€t although nowhere dense, haasitiveLebesgue mea-
sure.

2.1.3. Some other strange properties of Cantor set€antor sets can be
obtained not only as subsets[6f 1], but in many other ways as well.

ProPOSITION2.1.3. The countable product of two point spaces with the dis-
crete topology is homeomorphic to the Cantor set.

PROOF To see that, identify each factor in the product wth2} and con-
sider the map
oo T
(x1,22,...) r—>Z3—:, x; € {0,2}, i=1,2,....
i=1
This map is a homeomorphism between the product and the Cantor set. [

PrROPOSITION2.1.4. The product of twgand hence of any finite numbesf
Cantor sets is homeomorphic to the Cantor set.

ProOFE This follows immediately, since the product of two countable prod-
ucts of two point spaces can be presented as such a product by mixing coordi-
nates. O

EXERCISE2.1.2. Show that the product of countably many copies of the Can-
tor set is homeomorphic to the Cantor set.

The Cantor set is a compact Hausdorff with countable base (as a closed subset
of [0, 1]), and it isperfecti.e. has no isolated points. As it turns out, it is a universal
model for compact totally disconnected perfect Hausdorff topological spaces with
countable base, in the sense that any such space is homeomorphic to the Cantor
setC(1/3). This statement will be proved later by using the machinery of metric
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spaces (see Theorem 3.6.9). For now we restrict ourselves to a certain particular
case.

PrRoOPOSITION2.1.5. Any compact perfect totally disconnected subkef the
real lineR is homeomorphic to the Cantor set.

PrROOF The set4 is bounded, since it is compact, and nowhere dense (does
not contain any interval), since it is totally disconnected. Suppose inf A and
M = sup A. We will outline a construction of a strictly monotone functiéh:
[0,1] — [m, M] suchthatF'(C) = A. The se{m, M|\ A is the union of countably
many disjoint intervals without common ends (sintés perfect). Take one of the
intervals whose length is maximal (there are finitely many of them); denotelit by
Define F' on the intervall as the increasing linear map whose image is the interval
[1/3,2/3]. Consider the longest intervals and I, to the right and to the left to
I. Map them linearly ontdl /9.2/9] and[7/9, 8/9], respectively. The complement
[m, M]\ (I UI U I) consists of four intervals which are mapped linearly onto the
middle third intervals of0, 1] \ ([1/9.2/9] U [1/3,2/3] U [7/9,8/9] and so on by
induction. Eventually one obtains a strictly monotone bijective fpap\/]\ A —
[0, 1] \ C which by continuity is extended to the desired homeomorphism. OJ

EXERCISE2.1.3. Prove that the product of countably many finite sets with the
discrete topology is homeomorphic to the Cantor set.

2.2. Topological manifolds

At the other end of the scale from totally disconnected spaces are the most
important objects of algebraic and differential topology: the spaces which locally
look like a Euclidean space. This notion was first mentioned at the end of Sec-
tion 1.2 and many of the examples which we have seen so far belong to that class.
Now we give a rigorous definition and discuss some basic properties of manifolds.

2.2.1. Definition and some properties.The precise definition of a topologi-
cal manifold is as follows.

DEFINITION 2.2.1. Atopological manifoldis a Hausdorff spac& with a
countable base for the topology such that every point is contained in an open set
homeomorphic to a ball ifR™ for somen € N. A pair (U, h) consisting of such
a neighborhood and a homeomorphismU — B C R" is called achartor a
system oflocal coordinates

REMARK 2.2.2. Hausdorff condition is essential to avoid certain pathologies.

Obviously, any open subset of a topological manifold is a topological manifold.
If X is connected, then is constant. In this case it is called tHenensiorof
the topological manifold. Invariance of the dimension (in other words, the fact that
R™ or open sets in those for differentare not homeomorphic) is one of the basic
and nontrivial facts of topology.
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PROPOSITION2.2.3. A connected topological manifold is path connected.

PrROOF Path connected component of any point in a topological manifold is
open since if there is a path fromto y there is also a path fromto any point in
a neighborhood of homeomorphic t@R"™. For, one can add to any path the image
of an interval connecting to a point in such a neighborhood. If a path connected
component is not the whole space its complement which is the union of path con-
nected components of its points is also open thus contradicting connectednkss.

2.2.2. Examples and constructions.

EXAMPLE 2.2.4. Then—sphereS™, then—torusT™ and the real projective—
spaceR P(n) are examples of dimensional connected topological manifolds; the
complex projective—spaceCP(n) is a topological manifold of dimensidn.

EXAMPLE 2.2.5. Surfaces in 3-space, i.e., compact connected subs@$ of
locally defined by smooth functions of two variableg in appropriately chosen
coordinate systems:, y, z), are examples of 2-dimensional manifolds.

FIGURE 2.2.1. Two 2-dimensional manifolds

EXAMPLE 2.2.6. Let I’ : R™ — R be a continuously differentiable function
and letc be a noncritical value of’, that is, there are no critical points at which
the value ofF is equal toc. ThenF~!(c) (if nonempty) is a topological manifold
of dimensiom — 1. This can be proven using the Implicit Function theorem from
multivariable calculus.

Among the most important examples of manifolds from the point of view of
applications, are configuration spaces and phase spaces of mechanical systems (i.e.,
solid mobile instruments obeying the laws of classical mechanics). One can think
of the configuration space of a mechanical system as a topological space whose
points are different “positions” of the system, and neighborhoods are “nearby”
positions (i.e., positions that can be obtained from the given one by motions of
“length” smaller than a fixed number). The phase space of a mechanical system
moving in time is obtained from its configuration space by supplying it with all
possible velocity vectors. There will be humerous examples of phase and con-
figuration spaces further in the course, here we limit ourselves to some simple
illustrations.
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EXAMPLE 2.2.7. The configuration space of the mechanical system consisting
of a rod rotating in space about a fixed hinge at its extremity is the 2-sphere. If the
hinge is fixed at the midpoint of the rod, then the configuration spaRéts

EXERCISE2.2.1. Prove two claims of the previous example.

EXERCISE 2.2.2. Thedouble penduluntonsists of two rodsAB and C'D
moving in a vertical plane, connected by a hinge joining the extremitiasdC,
while the extremityA is fixed by a hinge in that plane. Find the configuration space
of this mechanical system.

EXERCISE 2.2.3. Show that the configuration space of an asymmetric solid
rotating about a fixed hinge in 3-spaceri$?.

EXERCISE2.2.4. On a round billiard table, a pointlike ball moves with uni-
form velocity, bouncing off the edge of the table according to the law saying that
the angle of incidence is equal to the angle of reflection (see the figure). Find the
phase space of this system.

Another source of manifolds with interesting topological properties and usu-
ally additional geometric structures is geometry. Spaces of various geometric ob-
jects are endowed with a the natural topology which is often generated by a natural
metric and also possess natural groups of homeomorphisms.

The simplest non-trival case of this is already familiar.

ExAMPLE 2.2.8. The real projective spadRP(n) has yet another description
as the space of all lines iR"*! passing through the origin. One can define the
distancel between two such line as the smallest of four angles between pairs of unit
vectors on the line. This distance generates the same topology as the one defined
before. Since any invertible linear transformatior®stt! takes lines into lines and
preserves the origin it naturally acts by bijectionsB#(n). Those bijections are
homeomorphisms but in general they do not preserve the metric described above
or any metric generating the topology.

EXERCISE 2.2.5. Prove claims of the previous example: (i) the distahce
defines the same topology on the sp&&e! as the earlier constructions; (i) the
groupGL(n + 1,R) of invertible linear transformations &"** acts onRP(n)
by homeomorphisms.

There are various modifications and generalizations of this basic example.

ExAMPLE 2.2.9. Consider the space of all lines in the Euclidean plane. In-
troduce topology into it by declaring that a base of neighborhoods of a given line
L consist of the setd/; (a, b, €) wherea,b € L, ¢ > 0 and Ny, (a, b, €) consist of
all lines L’ such that the interval of. betweer: andb lies in the strip of widthe
aroundL’
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EXERCISE2.2.6. Prove that this defines a topology which makes the space of
lines homeomorphic to the &bius strip.

EXERCISE 2.2.7. Describe the action of the grog{f.(2,R) on the Mdbius
strip coming from the linear action d&?.

This is the simplest example of the family Grassmann manifoldsr Grass-
manniansvhich play an exceptionally important role in several branches of mathe-
matics including algebraic geometry and theory of group representation. The gen-
eral Grassmann manifold,, ,, (overR) is defined fori < k < n as the space of
all k-dimensional affine subspaces®¥. In order to define a topology we again
define a base of neighborhoods of a giveapaceL. Fix e > 0 andk + 1 points
x1,...,2kr1 € L. A neighborhood of. consists of alk-dimensional spaces’
such that the convex hull of poinis, . . ., 241 lies in thee-neighborhood of.'.

EXERCISE2.2.8. Prove that the Grassmannéy,, is a topological manifold.
Calculate its dimensiort.

Another extension deals with replaciftfgoy C (and also by quaternions).

EXERCISE 2.2.9. Show that the complex projective spdcB(n) is home-
omorphic to the space of all lines @**! with topology defined by a distance
similarly to the case dRP(n)

ExXERCISE2.2.10. Define complex Grassmannians, prove that they are mani-
folds and calculate the dimension.

2.2.3. Additional structures on manifolds. It would seem that the existence
of local coordinates should make analysisRifi an efficient tool in the study of
topological manifolds. This, however, is not the case, because global questions
cannot be treated by the differential calculus unless the coordinates in different
neighborhoods are connected with each otherdifferentiablecoordinate trans-
formations. Notice that continuous functions may be quite pathological form the
“normal” commonplace point of view. This requirement leads to the notion of
differentiable manifoldwhich will be introduced ir?? and further studied i??.
Actually, all the manifolds in the examples above are differentiable, and it has been
proved that all manifolds of dimension< 3 have a differentiable structure, which
iS unigue in a certain natural sense.

Furthermore, this is no longer true in higher dimensions: there are manifolds
that possess no differentiable structure at all, and some that have more than one
differentiable structure.

Another way to make topological manifolds more manageable is to endow
them with a polyhedral structure, i.e., build them from simple geometric “bricks”
which must fit together nicely. The bricks used for this purposeresinplices.

IRemember that we cannot as yet prove that dimension of a connected topological manifold is
uniquely defined, i.e. that the same space cannot be a topological manifold of two different dimen-
sions since we do not know th&" for differentn are not homeomorphic. The question asks to
calculate dimension as it appears in the proof that the spaces are manifolds.
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A PL-structure on an-manifold M is obtained by representing as the union
of k-simplices,0 < k£ < n, which intersect pairwise along simplices of smaller
dimensions (along “common faces”), and the set of all simplices containing each
vertex (0-simplex) has a special “disk structure”. This representation is called a
triangulation We do not give precise definitions here.

Connections between differentiable and PL structures on manifolds are quite
intimate: in dimension 2 existence of a differentiable structure can be relatively
easily be derived from simplicial decomposition. Since each two-dimensional sim-
plex (triangle) possesses the natural smooth structure and in a triangulation these
structures in two triangles with a common edge argee along the edge, the only is-
sue here is to “smooth out” the structure around the corners of triangles forming a
triangulation.

Conversely, in any dimension any differentiable manifold can be triangulated.
The proof while ingenuous uses only fairly basic tools of differential topology.

Again for large values oh not all topologicaln-manifolds possess a PL-
structure, not all PL-manifolds possess a differentiable structure, and when they
do, it is not necessarily unique. These are deep and complicated results obtained in
the 1970ies, which are way beyond the scope of this book.

2.3. Orbit spaces for group actions

An important class of quotient spaces appears when the equivalence relation is
given by the action of a grou by homeomorphisms of a topological space

2.3.1. Main definition and nice examples.The notion of a group acting on
a space, which formalizes the idea of symmetry, is one of the most important in
contemporary mathematics and physics.

DEeFINITION 2.3.1. Anactionof a groupG on a topological spac¥ is a map
G x X — X, (g,x) — xg such that

(1) (xg)h = x(g - h) for all g, h € G;

(2) (x)e = zfor all x € X, wheree is the unit element itG.

The equivalence classes of the corresponding identification are caligs of
the action ofG on X.

The identification space in this case is denotedby and called thejuotient
of X by G or theorbit spaceof X under the action of5.

We use the notationg for the point to which the element takes the point
x, which is more convenient than the notatigi:) (nevertheless, the latter is also
often used). To specify the chosen notation, one can say-thats onX from the
right (for our notation) offrom the left(when the notatiog(x) or gz is used).

Usually, in the definition of an action of a grodpon a spaceX, the group is
supplied with a topological structure and the action itself is assumed continuous.
Let us make this more precise.

A topological groupG is defined as a topological Hausdorff space supplied
with a continuous group operation, i.e., an operation such that the (nalps—
gh andg — ¢~! are continuous. If7 is a finite or countable group, then it is
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R2/SO(3)

/SO(3)

FIGURE 2.3.1. Orbits and identification space 80 (2) action
onR?

supplied with the discrete topology. When we speak of the action of a topological
groupG on a spaceX, we tacitly assume that the mapx G — X is a continuous
map of topological spaces.

EXAMPLE 2.3.2. Let X be the planéR? and G be the rotation grouO(2).
Then the orbits are all the circles centered at the origin and the origin itself. The
orbit space ofR? under the action o50(2) is in a natural bijective correspon-
dence with the half-lin& ;..

The main issue in the present section is that in general the quotient space even
for a nice looking group acting on a good (for example, locally compact normal
with countable base) topological space may not have good separation properties.
The (T1) property for the identification space is easy to ascertain: every orbit of
the action must be closed. On the other hand, there does not seem to be a natural
necessary and sufficient condition for the quotient space to be Hausdorff. Some
useful sufficient conditions will appear in the context of metric spaces.

Still, lots of important spaces appear naturally as such identification spaces.

ExAmPLE 2.3.3. Consider the natural action of the integer latti¢é by trans-
lations inR™. The orbit of a poinpp € R is the copy of the integer lattic&™
translated by the vectgs. The quotient space is homeomorphic to the tartis

An even simpler situation produces a very interesting example.

ExaMPLE 2.3.4. Consider the action of the cyclic group of two elements on
the sphereS™ generated by the central symmetidit = —x. The corresponding
quotient space is naturally identified with the real projective sgaé¥n).

ExXeRrRcISE2.3.1. Consider the cyclic group of ordggenerated by the rota-
tion of the circle by the angler/q. Prove that the identification space is homeo-
morphic to the circle.
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EXERCISE2.3.2. Consider the cyclic group of ordggenerated by the rota-
tion of the planéR? around the origin by the angfer /q. Prove that the identifica-
tion space is homeomorphic R?.

2.3.2. Not so nice examplesHere we will see that even simple actions on
familiar spaces can produce unpleasant quotients.

EXAMPLE 2.3.5. Consider the following actiont of R onR?: for ¢ € R let
Ai(z,y) = (z + ty,y). The orbit space can be identified with the union of two
coordinate axis: every point on theaxis is fixed and every orbit away from it
intersects thegy-axis at a single point. However the quotient topology is weaker
than the topology induced frof? would be. Neighborhoods of the points on the
y-axis are ordinary but any neighborhood of a point on thaxis includes a small
open interval of thegj-axis around the origin. Thus points on theaxis cannot be
separated by open neighborhoods and the space is (T1) (since orbits are closed)
but not Hausdorff.

An even weaker but still nontrivial separation property appears in the following
example.

ExAMPLE 2.3.6. Consider the action df. onR generated by the map— 2z.
The quotient space can be identified with the union of the circle and an extra point
p. Induced topology on the circle is standard. However, the only open set which
containsp is the whole space! See Exercise 2.4.13.

Finally let us point out that if all orbits of an action are dense, then the quotient
topology is obviously trivial: there are no invariant open sets other ghand the
whole space. Here is a concrete example.

ExAmMPLE 2.3.7. Consider the actiod” of Q, the additive group of rational
number orR by translations: pufl;.(x) = = + r for r € Q andx € R. The orbits
are translations ofQ, hence dense. Thus the quotient topology is trivial.

2.4. Problems

EXERCISE2.4.1. A pointz in a topological space is callésblatedif the one-
point set{x} is open. Prove that any compact separable Hausdorff space without
isolated points contains a closed subset homeomorphic to the Cantor set.

EXERCISE 2.4.2. Find all different topologies (up to homeomorphism) on a
set consisting of 4 elements which make it a connected topological space.

EXERCISE2.4.3. Prove that the intersection of a nested sequence of compact
connected subsets of a topological space is connected.

EXERCISE2.4.4. Give an example of the intersection of a nested sequence of
compact path connected subsets of a Hausdorff topological space which is not path
connected.
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EXERCISE2.4.5. LetA C R? be the set of all vectorge, y) such thats + y
is a rational number and — y is an irrational number. Show th&? \ A is path
connected.

EXERCISE2.4.6. Prove that any compact one—dimensional manifold is home-
omorphic to the circle.

EXERCISE 2.4.7. Prove that the Klein bottle is a compact topological mani-
fold.

EXERCISE 2.4.8. Consider the torug?> = R?/Z? and letS be the quotient
space obtained by identifying orbits of the map = — —z. Prove thatS is
homeomorphic to the sphegé.

EXERCISE2.4.9. Consider regul@n-gon and identify pairs of opposite side
by the corresponding parallel translations. Prove that the identification space is a
topological manifold.

EXERCISE2.4.10. Prove that the manifolds obtained by this construction from
the4n-gon and andn + 2-gon are homeomorphic.

EXERCISE2.4.11. Prove that the manifold of the previous exercise is homeo-
morphic to the surface of the sphere to whichhandles” are attached, or, equiv-
alently, to the surface of tori joint into a “chain” (Figure 1.8.1 illustrates this for
n =1andn = 3.

EXERCISE2.4.12. Letf : S' — R? be a continuous map for which there are
two pointsa, b € S! such thatf(a) = f(b) and f is injective onS' \ {a}. Prove
thatR? \ f(S') has exactly three connected components.

EXERCISE2.4.13. Consider the one—parameter group of homeomorphisms of
the real line generated by the map— 2x. Consider three separation properties:
(T2), (T1), and

(TO) For any two points there exists an open set which contains one of them
but not the other (but which one is not given in advance).

Which of these properties does the quotient topology possess?

EXERCISE2.4.14. Consider the grouplL(2, R) of all 2 x 2 matrices with de-
terminant one with the topolology induced from the natural coordinate embedding
into R*. Prove that it is a topological group.



CHAPTER 3

METRIC SPACES

The general notion of topology does not allow to compare neighborhoods of
different points. Such a comparison is quite natural in various geometric contexts.
The general setting for such a comparison is thatwhiéorm structure The most
common and natural way for a uniform structure to appear is via a metric, which
was already mentioned on several occasions in Chapter 1. Another important ex-
ample of uniform structures is that of topological groups. Also, as in turns out, a
Hausdorff compact space carries a natural uniform structure, which in the separa-
ble case can be recovered from any metric generating the topology. Metric spaces
and topological groups are the notions central for foundations of analysis.

3.1. Definition of metric spaces and basic constructions

3.1.1. Axioms of metric spacesWe begin with listing the standard axioms
of metric spaces, probably familiar to the reader from elementary real analysis
courses, and mentioned in passing in Section 1.1, and then present some related
definitions and derive some basic properties.

DerFINITION 3.1.1. If X is a set, then a functiod: X x X — R is called a
metricif
(1) d(z,y) = d(y, z) (symmetry,)
(2) d(z,y) > 0; d(z,y) = 0 < = = y (positivity),
(3) d(z,y) + d(y, z) > d(z, 2) (the triangle inequality)
If d is a metric, then{ X, d) is called ametric space

The set
B(z,r):={ye X | d(z,y) <r}
is called thglopen)r-ball centered at. The set
Be(z,r) ={y € X | d(z,y) <7}

is called theclosedr-ball at (or around)c.

Thediameterof a set in a metric space is the supremum of distances between
its points; it is often denoted by diam A. The set A is caltedindedf it has finite
diameter.

Amapf: X — Y between metric spaces with metri€g anddy is called as
isometric embeddinigfor any pair of pointse, 2’ € X dx (z,2') = dy (f(x), f(2)).

If an isometric embedding is a bijection it is called mometry If there is an
isometry between two metric spaces they are caflethetric This is an obvious

35
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equivalence relation in the category of metric spaces similar to homeomorphism
for topological spaces or isomorphism for groups.

3.1.2. Metric topology. O C X is calledopenif for every x € O there exists
r > 0 such thatB(z,r) C O. It follows immediately from the definition that open
sets satisfy Definition 1.1.1. Topology thus defined is sometimes calladdlrec
topologyor topology, generated by the metidc Naturally, different metrics may
define the same topology. Often such metrics are calipavalent

Metric topology automatically has some good properties with respect to bases
and separation.

Notice that the closed bal.(x, r) contains the closure of the open b&llz, )
but may not coincide with it (Just consider the integers with the the standard metric:
d(m,n) =|m —n|.)

Open balls as well as balls or rational radius or balls of radjus, = 1,2,. . .,
wherer,, converges to zero, form a base of the metric topology.

PrROPOSITION3.1.2. Every metric space is first countable. Every separable
metric space has countable base.

ProOOFE Balls of rational radius around a point form a base of neighborhoods
of that point.

By the triangle inequality, every open ball contains an open ball around a point
of a dense set. Thus for a separable spaces balls of rational radius around points of
a countable dense set form a base of the metric topology. O

Thus, for metric spaces the converse to Proposition 1.1.12 is also true.
Thus the closure ofi C X has the form

A={z e X |Vr>0, B(z,r)NA+#a}.
For any closed set and any point: € X thedistance frome to A,
d(z,A):= inf d
(2, A4) Jnf (z,9)

is defined. Itis positive if and only if € X \ A.

THEOREM 3.1.3. Any metric space is normal as a topological space.

PrROOF For two disjoint closed setd, B € X, let
Op:={re X |dz,A) <d(z,B), Op:={x € X | d(z,B) < d(x, A).
These sets are open, disjoint, and contdiand B respectively. O

Let ¢ : [0,00] — R be a nondecreasing, continuous, concave function such
thaty~1({0}) = {0}. If (X, d) is a metric space, thefio d is another metric od
which generates the same topology.

It is interesting to notice what happens if a functiéms in Definition 3.1.1
does not satisfy symmetry or positivity. In the former case it can be symmetrized
producing a metridg(z, y):=max(d(z,y), d(y, x)). In the latter by the symmetry
and triangle inequality the conditiaf(z,y) = 0 defines an equivalence relation
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and a genuine metric is defined in the space of equivalence classes. Note that
some of the most impotrant notions in analysis such as sgategfunctions on

a measure space are actually not spaces of actual functions but are such quotient
spaces: their elements are equivalence classes of functions which coincide outside
of a set of measure zero.

3.1.3. Constructions.

1. Inducing. Any subsetA of a metric spaceX is a metric space with an
induced metricl 4, the restriction ofl to A x A.

2. Finite products.For the product of finitely many metric spaces, there are
various natural ways to introduce a metric. ket ([0, oc])” — R be a continuous
concave function such that!({0}) = {(0,...,0)} and which is nondecreasing
in each variable.

Given metric spacegX;, d;), i =1,...,n, let

42 = (dy, ... dp) (X1 % ... Xp) x (X1 x ... X,) — R.

ExXeERcISE3.1.1. Prove thai?® defines a metric oX; x ... X, which gener-
ates the product topology.

Here are examples which appear most often:
e themaximum metricorresponds to

o(t1, ... tn) = max(ty, ..., tn);

e the!? metricfor 1 < p < oo corresponds to

Two particularly important cases of the latter are- 1 andt = 2; the latter
produces the Euclidean metriclk¥* from the standard (absolute value) metrics on
n copies ofR.

3. Countable productsFor a countable product of metric spaces, various met-
rics generating the product topology can also be introduced. One class of such met-
rics can be produced as follows. Let [0, o] — R be as above and let, as, . . .
be a suquence of positive numbers such that the sgtj€s, a,, converges. Given
metric space$X,d;), (X2,d2) ..., consider the metrid on the infinite product
of the spaceg X; } defined as

d((z1, 22, ), (Y1, 42, -)) = > an@(dn(@n, yn)).
n=1

EXERCISE 3.1.2. Prove thatl is really a metric and that the corresponding
metric topology coincides with the product topology.
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4. Factors. On the other hand, projecting a metric even to a very good factor
space is problematic. Let us begin with an example which exhibits some of the
characteristic difficulties.

EXAMPLE 3.1.4. Consider the partition of the plan®? into the level sets of
the functionzy, i.e. the hyperbolicy = const # 0 and the union of coordinate
axes. The factor topology is nice and normal. It is easy to see in fact that the
functionzy on the factor space establishes a homeomorphism between this space
and the real line. On the other hand, there is no natural way to define a metric in
the factor space based on the Euclidean metric in the plane. Any two elements of
the factor contain points arbitrary close to each other and arbitrary far away from
each other so manipulating with infimums and supremums of of distances between
the points in equivalence classes does not look hopeful.

We will see later that when the ambient space is compact and the factor-
topology is Hausdorff there is a reasonable way to define a metric &tatisdorff
metric(see Definition 3.9.1) between equivalence classes considered as closed sub-
sets of the space.

Here is a very simple but beautiful illustration how this may work.

ExampPLE 3.1.5. Consider the real projective spat&”(n) as the factor space
of the sphere&s™ with opposite points identified. Define the distance between the
pairs (x, —z) and (y, —y) as the minimum of distances between members of the
pairs. Notice that this minimum is achieved simultaneously on a pair and the pair
of opposite points. This last fact allows to check the triangle inequality (positivity
and symmetry are obvious) which in general would not be satisfied for the minimal
distance of elements of equivalence classes even if those classes are finite.

EXERCISE3.1.3. Prove the triangle inequality for this example. Prove that the
natural projection fron$" to RP(n) is an isometric embedding in a neighborhood
of each point. Calculate the maximal size of such a neighborhood.

Our next example is meant to demonstrate that the chief reason for the success
of the previous example is not compactness but the fact that the factor space is the
orbit space of an action by isometries (and of course is Hausdorff at the same time):

ExamMPLE 3.1.6. Consider the natural projectioR™ — R"/Z" = T". De-
fine the distancé(aZ", bZ™) on the torus as the minimum of Euclidean distances
between points ilR™ in the equivalence classes representing corresponding points
on the torus. Notice that since translations are isometries the minimum is always
achieved and if it is achieved on a pdit, y) it is also achieved on any integer
translation of(z, y).

EXERCISE 3.1.4. Prove the triangle inequality for this example. Prove that
the natural projection frorR™ to T” is an isometric embedding in any open ball of
radius 1/2 and is not an isometric embedding in any open ball of any greater radius.
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3.2. Cauchy sequences and completeness

3.2.1. Definition and basic properties.The notion of Cauchy sequence in
Euclidean spaces and the role of its convergence should be familiar from elemen-
tary real analysis courses. Here we will review this notion in the most general
setting, leading up to general theorems on completion, which play a crucial role in
functional analysis.

DEFINITION 3.2.1. A sequencér; };cn is called aCauchy sequendéfor all
e > 0 there exists aiV € N such thatl(z;, z;) < € whenever, j > N; X is said
to becompleteif every Cauchy sequence converges.

PrROPOSITIONS.2.2. A subsetA of a complete metric spack is a complete
metric space with respect to the induced metric if and only if it is closed.

PROOF. For a closedd € X the limit of any Cauchy sequence ihbelongs
to A. If Ais not closed take a sequencedrconverging to a point il \ A. Itis
Cauchy but does not convergen O

The following basic property of complete spaces is used in the next two theo-
rems.

PrOPOSITION3.2.3. Let A1 D A D ... be a nested sequence of closed sets
in a complete metric space, such thiém A, — 0 asn — oco. Then()>2; A, is
a single point.

PrROOFR Sincediam A,, — 0 the intersection cannot contain more than one
point. Take a sequence, € A,. Itis Cauchy sinceliam A,, — 0. Its limit x
belongs toA,, for anyn. Since the setgl; are closed, it follows that € A,, for
anyn. O

3.2.2. The Baire category theorem.

THEOREM 3.2.4 (Baire Category Theorem)n a complete metric space, a
countable intersection of open dense sets is dense. The same holds for a locally
compact Hausdorff space.

PROOF. If {O;}icn are open and dense i anda # By C X is open then
inductively choose a balB;; of radius at most/i for which we haveB;; C
0O,+1 N B;. The centers converge by completeness, so

For locally compact Hausdorff spaces takeopen with compact closure and use
the finite intersection property. O
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The Baire Theorem motivates the following definition. If we want to mesure
massivenes of sets in a topological or in particular metric space, we may assume
that nowhere dense sets are small and their complements are massive. The next
natural step is to introduce the following concept.

DEFINITION 3.2.5. Countable unions of nowhere dense sets are catsdf
first (Baire) category
The complement to a set of first baire category is callessadualset.

The Baire category theorem asserts that, at least for complete metric spaces,
sets of first category can still be viewed as small, since they cannot fill any open
set.

The Baire category theorem is a simple but powerful tool for pro\erig-
tenceof various objects when it is often difficult or impossible to produce those
constructively.

3.2.3. Minimality of the Cantor set. Armed with the tools developed in the
previous subsections, we can now return to the Cantor set and prove a universality
theorem about this remarkable object.

THEOREM3.2.6. (cf. Exercise 2.4.1)
Any uncountable separable complete metric spdosontains a closed subset
homeomorphic to the Cantor set.

PROOF First consider the following subset
Xo: {z € X|any neigbourhood of contains uncountably many poifts
Notice that the seX|, is perfect, i.e., it is closed and contains no isolated points.

LEMMA 3.2.7. The setX \ X is countable.

PROOF To prove the lemma, for each pointe X \ X find a neighborhood
from a countable base which contains at most countably many points (Proposi-
tion 3.1.2). ThusX'\ X is covered by at most countably many sets each containing
at most countably many points. O

Thus the theorem is a consequence of the following fact.
ProOPOSITION3.2.8. Any perfect complete metric spag&econtains a closed
subset homeomorphic to the Cantor set.
PrROOFE To prove the the proposition, pick two points # =1 in X and let
do := d(zp,z1). Let
X = B(z;,(1/4)dy), 1=0,1
andC; := Xy U X;.
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Then pick two different points; o, z; 1 € Int X;, ¢ = 0, 1. Such choices are
possible because any open setXincontains infinitely many points. Notice that
d(l‘@o,l’ijl) < (1/2)d0. Let

Yihiz = B(:L'ilﬂ'z’ (1/4)d($i1,0’ xil,l))> 11,42 = 0,1,
Xil,iz =Y is N ¢y andCy = XU,O U X071 U Xl,O U X171.

Notice thatdiam (X, ;,) < do/2.
Proceed by induction. Having constructed

Cp = U Xt in

i1,0in€{0,1}

with diam X;, ;. < do/2", pick two different pointse;, ;. 0 andx;, . s, 1in

Int X5, ., and let us successively define

in’

Yir,insinsr = B @iy, insings> ATiy,in,05 Tig,oin,1)/4),
Xitreosinging1 = Yit,.yinyings 1 On,
Cn+1 = U Xil ----- Inyin+41:
il»n-:in:i'rH»le{O,l}
Sincediam X;, . ;, < do/2", each infinite intersection
i17~~"in""€{0’1}

is a single point by Heine—Borel (Proposition 3.2.3). TheGet= (", C,, is
homeomorphic to the countable product of the two point §&t$} via the map

m Xi1 77777 Zml—>(21,,'bn)

il:-“vi’ﬂv"'e{ovl}

By Proposition 2.1.3¢" is homeomorphic to the Cantor set. O

The theorem is thus proved. O

3.2.4. Completion. Completeness allows to perform limit operations which
arise frequently in various constructions. Notice that it is not possible to define
the notion of Cauchy sequence in an arbitrary topological space, since one lacks
the possibility of comparing neighborhoods at different points. Here the uniform
structure (se@?) provides the most general natural setting.

A metric space can be made complete in the following way:

DEFINITION 3.2.9. If X is a metric space and there is an isometry fr&m
onto a dense subset of a complete metric spadken X is called thecompletion
of X.

THEOREM 3.2.10. For any metric spaceX there exists a completion unique
up to isometry which commutes with the embeddings ofto a completion.
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PROOF The process mimics the construction of the real numbers as the com-
pletion of rationals, well-known from basic real analysis. Namely, the elements of
the completion are equivalence classes of Cauchy sequences by identifying two se-
guences if the distance between the corresponding elements converges to zero. The
distance between two (equivalence classes of) sequences is defined as the limit of
the distances between the corresponding elements. An isometric embedding of
into the completion is given by identifying element&fwith constant sequences.
Uniqueness is obvious by definition, since by uniform continuity the isometric em-
bedding ofX to any completion extends to an isometric bijection of the standard
completion. O

3.3. Thep-adic completion of integers and rationals

This is an example which rivals the construction of real numbers in its impor-
tance for various areas of mathematics, especially to number theory and algebraic
geometry. Unlike the construction of the reals, it gives infinitely many differnt
nonisometric completions of the rationals.

3.3.1. Thep-adic norm. Letp be a positive prime number. Any rational num-
berr can be represented p@% wherem is an integer and: and!/ are integers
realtively prime withp. Define thep-adic norm||r||, := p~™ and the distance
dp(r1,m2) :=[lr1 — r2lp.

ExXERCISE 3.3.1. Show that the-adic norm ismultiplicative i.e., we have
[r1 - 2llp = lIr1llpllrellp-

PrRoOPOSITION3.3.1. The inequality

dp(r1,73) < max(dy(r1,72),dp(r2,73))

holds for allr{, 2,73 € Q.

REMARK 3.3.2. A metric satisfying this property (which is stronger than the
triangle inequality) is called anltrametric

PrROOF Since||r||,= || — 7|, the statement follows from the property pf
norms:

1+ r2llp < llrallp + [l72llp-
To see this, write;; = pgn’;—;, 1 = 1,2 with k; andi; relatively prime withp and
assume without loss of generality that > m4. We have

kila +p™2 "™ koly
T+ 12 =Py’ .
l1l5

The numeratokils + p™2 " kolq iS an integer and ifn, > my it is relatively
prime withp. In any eventwe havir; +r|[, < p™"t = ||r1||, = max(||71]lp, [|72(lp)-
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3.3.2. Thep-adic numbers and the Cantor set.Proposition 3.3.1 and the
multiplicativity prorerty of thep-adic norm allow to extend addition and multipli-
cation fromQ to the completion. This is done in exacly the same way as in the real
analysis for real numbers. The existence of the opposite and inverse (the latter for
a nonzero element) follow easily.

Thus the completion becomes a field, which is calledfigld of p-adic num-
bersand is usually denoted [§9,,. Restricting the procedure to the integers which
always have norn¥ 1 one obtains the subring @,, which is called theing of
p-adic integersand is usually denoted L5j,.

The topology ofp—adic humbers once again indicates the importance of the
Cantor set.

PROPOSITION3.3.3. The spaceZ, is homeomorphic to the Cantor sé,, is
the unit ball (both closed and open) @,.
The spacé), is homeomorphic to the disjoint countable union of Cantor sets.

PrROOF We begin with the integers. For any sequence

a:{an}EH{O,l...,p—l}

the sequence of integers

n
kn(a) = Z anp’
=1
is Cauchy; for differen{a,, } these sequences are non equivalent and any Cauchy
sequence is equivalent to one of these. Thus the correspondence

[[{0.1....p =1} > Z,, {an} — the equivalence class df,(a)
n=1

is a homeomorphism. The spafg” ,{0,1...,p — 1} can be mapped homeo-
morphically to a nowhere dense perfect subset of the interval by the map

oo
{antnzy — Z an(2p—1)~"
n=1
. Thus the statement aba#}, follows from Proposition 2.1.5.
SinceZ is the unit ball (open and closed) around 0 in the matgi@nd any
other point is at a distance at least 1 from it, the same holds for the completions.
Finally, any rational number can be uniquely represented as

n
k+> aip™, k€Z, a€{0,....p—1}, i=1...n
=1

If the corresponging finite sequencgshave different length or do not coincide,
then thep-adic distance between the rationals is at least 1. Passing to the com-
pletion we see that any € Q, is uniquely represented ds+ > , a;p~* with

k € Z,. with pairwise distances for different’s at least one. O
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EXERCISE 3.3.2. Where in the construction is it important thait a prime
number?

3.4. Maps between metric spaces
3.4.1. Stronger continuity properties.

DEFINITION 3.4.1. A mapf : X — Y between the metric spacé¥,d),
(Y, dist) is said to beuniformly continuousf for all € > 0 there is & > 0 such
that for allz,y € X with d(z,y) < ¢ we havedist(f(z), f(y)) < e. A uni-
formly continuous bijection with uniformly continuous inverse is callathé&orm
homeomorphism

PrROPOSITION3.4.2. A uniformly continuous map from a subset of a metric
space to a complete space uniquely extends to its closure.

PROOF Let A C X,z € A, f: A — Y uniformly continuous. Fix an
e > 0 and find the correspondingfrom the definition of uniform continuity. Take
the closed/4 ball aroundz. Its image and hence the closure of the image has
diameter< e. Repeating this procedure for a sequeggce- 0 we obtain a nested
sequence of closed sets whose diameters converge to zero. By Proposition 3.2.3
their intersection is a single point. If we denote this poinifly) the resulting map
will be continuous at and this extension is unique by uniqueness of the limit since
by construction for any sequeneg € A, z,, — x one hasf(z,) — f(x). O

DEFINITION 3.4.3. A familyF of mapsX — Y is said to beequicontinuous
if for everyx € X ande > 0 there is & > 0 such thati(x, y) < § implies

dist(f(x), f(y)) <e forally € X andf € F.

DEFINITION 3.4.4. Amapf: X — Y is said to beHodlder continuouswith
exponenty, or a-Holder, if there existC, ¢ > 0 such thati(z, y) < e implies

d(f(z), f(y)) < C(d(z,y))*,

Lipschitz continuou it is 1-Holder, and biLipschitz if it is Lipschitz and has a
Lipschitz inverse.

For a Lipschitz magf infimum of allC for which the inequalityl( f(x), f(y)) <
C(d(z,y)) holds is called thé&ipschitz constantf f.

It is useful to introduce local versions of the above notions. A thalX — Y
is said to be Hlder continuous with exponent, at the pointz € X or a-Holder,
if there existC, e > 0 such thatl(z,y) < e implies

d(f(z), f(y)) < Cld(z,y))",

Lipschitz continuous at if it is 1-Holder atz.
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3.4.2. Various equivalences of metric space8esides the natural relation of
isometry, the category of metric spaces is endowed with several other equivalence
relations.

DEeFINITION 3.4.5. Two metric spaces anaiformly equivalenif there exists a
homeomorphism between the spaces which is uniformly continuous together with
its inverse.

PrROPOSITION 3.4.6. Any metric space uniformly equivalent to a complete
space is complete.

PrROOFE A uniformly continuous map obviously takes Cauchy sequences to
Cauchy sequences. O

EXAMPLE 3.4.7. The open interval and the real line are homeomorphic but
not uniformly equivalent because one is bounded and the other is not.

EXERCISE3.4.1. Prove that an open half-line is not not uniformly equivalent
to either whole line or an open interval.

DEFINITION 3.4.8. Metric spaces atdolder equivalentf there there exists a
homeomorphism between the spaces whichdklelr together with its inverse.

Metric spaces arkipschitz equivalenif there exists a biLipschitz homeomor-
phism between the spaces.

EXAMPLE 3.4.9. Consider the standard middle—third Cantor ggtand the
subsetC; of [0, 1] obtained by a similar procedure but with taking away at every
step the open interval in the middle of one half of the length. These two sets are
Hoélder equivalent but not Lipschitz equivalent.

EXERCISE 3.4.2. Find a Wlder homeomorphism with &élder inverse in the
previous example.

As usual, it is easier to prove existence of an equivalence that absence of one.
For the latter one needs to produce an invariant of Lipschitz equivalence calculate
it for two sets and show that the values (which do not have to be numbers but
may be mathematical objects of another kind) are different. On this occasion one
can use asymptotics of the minimal numberdfalls needed to cover the set as
e — 0. Such notions are callezhpacitiesand are related to the important notion
of Hausdorff dimensiomvhich, unlike the topological dimension, is not invariant
under homeomorphisms.

EXeERcCISE 3.4.3. Prove that the identity map of the product space is biLlps-
chitz homeomorphism between the space provided with the maximal metric and
with any[? metric.

ExAMPLE 3.4.10. The unit square (open or closed) is Lipschitz equivalent to
the unit disc (respectively open or closed), but not isometric to it.
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EXERCISE3.4.4. Consider the unit circle with the metric induced fromlkie
and the unit circle with the angular metric. Prove that these two metric spaces are
Lipschitz equivalent but not isometric.

3.4.3. Contraction mapping principle.

DEFINITION 3.4.11. Let(X,d) be a metric space. A mafr X — X is said
to becontractingif there exists\ < 1 such that for any,y € X

(3.4.1) d(f(z), f(y)) < Ad(z,y).

Notice that the infimum of numbepssatisfying (3.4.1) also satisfies this con-
dition. This justifies calling this number trentraction coefficienof f. Itis in
fact the Lipschitz constant (Definition 3.4.4) 6f It is positive unlesg maps the
whole space into a single point. Thus one can say that a map is contracting if it
Lipschitz continuous with Lipschitz constant less than one.

DEFINITION 3.4.12. We say that two sequencgs, },cn and {yn nen Of
points in a metric spaa@nverge exponentiallpr with exponential speddo each
otherif d(x,,y,) < cA™ for somec > 0, A\ < 1. In particular, if one of the
sequences is constant, thatjs,= y, we say thatr,, converges exponentialtg 3.

PrROPOSITION3.4.13 (Contraction Mapping Principle)et X be a complete
metric space. Under the action of iterates of a contracting nfiapX — X all
points converge with exponential speed to the unique fixed pojit of

Thus for a contracting map all points are asymptotic to a unique fixed point.

PROOF lIteration gives

d(f™(z), f*(y)) < Ad(z,y)
forn € N, so
d(f"(z), f"(y)) =0 asn — oc.
This means that the asymptotic behavior of all points is the same. On the other
hand, for anyr € X the sequencéf™(z)},en is @ Cauchy sequence because if

m > n then
(3.4.2)

m—n—1

d(f™(@), M) < Y AT (@), ()
k=0

m—n—1 n

d(f(z),z) —— 0.

1—A n—00

Thus,p :=lim,,_,» f"(z) exists if the space is complete. By (3.4.1) this limit is
the same for alk: andp is a fixed point because

p=lm f"(x)= lim f"'() = lim f(f"(x)) = f(lm f"(x)) = f(p).
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By (3.4.1) there is at most one fixed point. Letting — oo in (3.4.2) gives

A(@).p) < (), ) 0

COROLLARY 3.4.14. Let f be a continuous map of a (not necessarily com-
plete) metric space such that for an equivalent complete mgtsa contraction.
Than f has unique fixed point.

Contraction Mapping Principle which we have just proved is, despite the great
simplicity of its proof, one of the most useful and most widely used tools of math-
ematical analysis. It is used in the standard proofs of such basic but fundamental
facts as the Implicit Function theorem, existence and uniqueness of solutions of
ODE, to more advance but still central results as the Stable Manifold Theorem,
The Center Manifold Theorem, to sophisticated existence theorems in PDE and
differential geometry. Usually the main work goes into constructing an appropriate
space, proving its completeness and obtaining estimates which guarantee contrac-
tion property, not necessarily with respect to the original metric but with respect to
some equivalent metric. Now we will illustrate usefulness of Contraction Mapping
Principle by one simple but important application.

PROPOSITION3.4.15. If p is a periodic point of periodn for a C* map f
and the differentialD f,;* does not have one as an eigenvalue then for every map
g sufficiently close tgf in the C'! topology there exists a unique periodic point of
periodm close top.

PrROOF We introduce local coordinates ngawith p as the origin. In these
coordinatesD fj* becomes a matrix. Since 1 is not among its eigenvalues the
mapF = f — Id defined locally in these coordinates is locally invertible by the
Inverse Function Theorem. Now lgbe a map_'!-close tof. Near0 one can write
g™ = f™— H whereH is small together with its first derivatives. A fixed point for
g™ can be found from the equatian= ¢"(z) = (f™—H)(z) = (F+1d —H)(z)
or(F—H)(x)=0o0r

r=F'H(x).
SinceF’~! has bounded derivatives afitihas small first derivatives one can show
that /' H is a contracting map. More precisely, |et ||, denote theC%-norm,
|dF~Y|lo = L, and supposenax (||H||o, ||[dH|lo) < e. Then, sinceF(0) = 0,
we get|[F~'H(z) — F71H(y)|| < eL|lz — y|| for everyz,y close to0 and
|[F~1H(0)|| < LI H(0)|| < €L, s0

| H (2)| < |[F H (@)~ FHO)] + |FTUHO)] < Lo + <L

Thus ife < L(lR;-R) the discX := {z | ||z|| < R} is mapped byF~'H into

itself and the magF—'H: X — X is contracting. By the Contraction Mapping
Principle it has a unique fixed point id which is thus a unique fixed point fgf"
nearo. (]
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3.5. Role of metrics in geometry and topology

3.5.1. Elementary geometry.The study of metric spaces with a given met-
ric belongs to the realm of geometry. The natural equivalence relation here is the
strongest one, mentioned above, the isometry. Recall that the classical (or “ele-
mentary”) Euclidean geometry deals with properties of simple objects in the plane
or in the three-dimensional space invariant under isometries, or, according to some
interpretations, under a larger class of similarity transformations since the abso-
lute unit of length is not fixed in the Euclidean geometry (unlike the prototype
non-Euclidean geometry, the hyperbolic one!).

Isometries tend to be rather rigid: recall that in the Euclidean plane an isom-
etry is uniquely determined by images of three points (not on a line) , and in the
Euclidean space by the images of four (not in a plane), and those images cannot be
arbitrary.

EXERCISE 3.5.1. Prove that an isometry &" with the standard Euclidean
metric is uniquely determined by images of any points. . . , z,,+1 such that the
vectorszy, — x1, k= 2,...,n + 1 are linearly independent.

3.5.2. Riemannian geometry.The most important and most central for math-
ematics and physics generalization of Euclidean geomefRyamannian geome-
try. Its objects are manifolds (in fact, differentiable or smooth manifolds with
an extra structure of Riemannian metriovhich defines Euclidean geometry (dis-
tances and anglesjfinitesimallyat each point, and the length of curves is obtained
by integration. A smooth manifolds with a fixed Riemannian metric is called a
Riemannian manifoldWhile we will wait till ?? for a systematic introduction to
Riemannian geometry, instances of it have already appeared, e.g. the metric on the
standard embedded sphéfe ¢ R™*! where the distance is measured along the
great circles, (and isotinduced fromR"*1), its projection taR P(n), and projec-
tion of Euclidean metric ifR™ to the torusl™. More general and more interesting
classes of Riemannian manifolds will continue to pop up along the way.

EXERCISE3.5.2. Prove that in the spherical geometry the sum of angels of a
triangle whose sides are arcs of great circles is always greatetrthan

3.5.3. More general metric geometriesRiemannian geometry is the richest
and the most important but by no means only and not the most general way met-
ric spaces appear in geometry. While Riemannian geometry, at least classically,
has been inspired mostly by analytic methods of classical geometries (Euclidean,
spherical and suchlike) there are other more contemporary directions which to a
large extent are developing the synthetic methods of classical geometric reasoning;
an outstanding example is the geometnAtdksandrov spaces

ExERCISE3.5.3. Leta > 0 and denote by, the surface of the cone iR3
given by the conditiona?z? = z2 + 42, z > 0. Call a curve inC, a line segment
if it is the shortest curve between its endpoints. Find all line segmeidts.in
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3.5.4. Metric as a background and a base for other structuresThe most
classical extensions of Euclidean geometry dealt (with the exception of spherical
geometry) not with other metrics spaces but with geometric structures more general
than Euclidean metric, such as affine and projective structures. To this one should
add conformal structure which is of central importance for complex analysis. In
all these geometries metrics appear in an auxiliary role such as the metric from
Example 3.1.5 on real projective spaces.

EXERCISE 3.5.4. Prove that there is no metric on the projective (1)
generating the standard topology which is invariant under projective transforma-
tions.

EXERCISE3.5.5. Prove that there is no metriclR¥ generating the standard
topology and invariant under all area preserving affine transformations, i.e trans-
formations of the form: — Ax + b whereA is a matrix with determinanat1 and
b is a vector.

The role played by metrics in the principal branches of topology, algebraic and
differential topology, is somewhat similar. Most spaces studied in those disciplines
are metrizable; especially in the case of differential topology which studies smooth
manifolds and various derivative objects, fixing a Riemannian metric on the man-
ifold is very useful. It allows to bring precise measurements into the picture and
provides various function spaces associated with the manifold such as spaces of
smooth functions or differential forms, with the structure of a Banach space. But
the choice of metric is usually arbitrary and only in the special cases, when the ob-
jects of study possess many symmetries, a particular choice of metric sheds much
light on the core topological questions.

One should also point out that in the study of non-compact topological spaces
and group actions on such spaces often a natural class of biLipschitz equivalent
metrics appear. The study of such structures has gained importance over last two
decades.

3.6. Compact metric spaces
3.6.1. Sequential compactness.
PROPOSITION3.6.1. Any compact metric space is complete.
PROOF Suppose the opposite, that i&, is a compact metric space and a
Cauchy sequence,, n = 1,2,... does not converge. By taking a subsebuence

if necessary we may assume that all poinfsare different. The union of the
elements of the sequence is closed since the sequence does not converge. Let

On:=X\ U{wn}.

These sets form an open coverXfbut since they are increasing there is no
finite subcover. O
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DEFINITION 3.6.2. Givenr > 0 a subsetd of a metric spaceX is called an
r-netif for any x € X there isa € A such that the distanegx, a). Equivalently
r-balls around the points of coverX.

A setA C X is calledr-separatedf the distance between any two different
points inA is greater tham.

The following observation is very useful in the especially for quantifying the
notion of compactness.

PROPOSITION3.6.3. Any maximal-separated set is arrnet.

PROOF If A isr-separated and is not amet then there is a pointe X ata
distance> r from every point ofA Hence the setl U {z} is r-separated O

ProPOSITION3.6.4. The following properties of a metric spadgare equiv-
alent
(1) X is compact;
(2) foranye > 0 X contains a finite:-net, or, equivalently, any-separated
set for anyr > 0 is finite;
(3) every sequence contains a congerving subsequence.

PROOFE (1) — (2). If X is compact than the cover of by all balls of radius
e contains a finite subcover; centers of those balls form a finitet.

(2) — (3) By Proposition 3.6.1 it is sufficient to show that every sequence has
a Cauchy subsequence. Take a sequencen = 1,2,... and consider a finite
1-net. There is a ball of radius 1 which contains infinitely many elements of the
sequence. Consider only these elements as a subsequence. Take a finite 1/2-net and
find a subsequence which lies in a single ball of radius 1/2. Continuing by induction
we find nested subsequences of the original sequence which lie in balls of radius
1/2™. Using the standard diagonal process we construct a Cauchy subsequence.

(3) — (1). Let us first show that the space must be separable. This implies that
any cover contains a countable subcover since the space has countable base. If the
space is not separable than there exists an0 such that for any countable (and
hence finite) collection of points there is a point at the distance greatet fham
all of them. This allows to construct by induction an infinite sequence of points
which are pairwise more tharapart. Such a sequence obviously does not contain
a converging subsequence.

Now assume there is an open countable cd¥@y, O,, ... } without a finite
subcover. Take the union of the firstelements of the cover and a poiry out-
side of the union. The sequengg, n = 1,2, ... thus defined has a converging
subsequence,,, — x. Butx belong to a certain element of the cover, €2y.
Then for a sufficinetly large, n, > N hencex,, ¢ Oy, a contradiction to
convergence. ([

An immediate corollary of the proof is the following.

PROPOSITION3.6.5. Any compact metric space is separable.
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Aside from establishing equivalence of compactness and sequential compact-
ness for metric spaces Proposition 3.6.4 contains a very useful criterion of com-
pactness in the form of property (2). Right away it gives a nhecessary and sufficient
condition for a (in general incomplete) metric space to have compact completion.
As we see it later in Section 3.6.5 it is also a starting point for developing qualitative
notions related to the “size” of a metric space.

DEFINITION 3.6.6. A metric spacéX, d) is totally boundedf it contains a
finite e-net for anye > 0, or, equivalently if any--separates subset &f for any
r > 0is finite.

Since both completion and any subset of a totally bounded space are totally
bounded Proposition 3.6.4 immediately implies

COROLLARY 3.6.7. Completion of a metric space is compact if and only if the
space is totally bounded.

EXERCISE 3.6.1. Prove that an isometric embedding of a compact metric
space into itself is an isometry.

3.6.2. Lebesgue number.

PrROPOSITION3.6.8. For an open cover of a compact metric space there exists
a numbers$ such that every-ball is contained in an element of the cover.

PROOF Suppose the opposite. Then there exists a cover and a sequence of
points z,, such that the balB(x,,1/2™) does not belong to any element of the
cover. Take a converging subsequenrge — . Since the point is covered by
an open set, a ball of radius> 0 aroundr belongs to that element. But férarge
enoughd(z, z,, ) < /2 and hence by the triangle inequality the ballz,,, ,r/2)
lies in the same element of the cover. O

The largest such number is called ttebesgue numbaef the cover.
3.6.3. Characterization of Cantor sets.

THEOREM 3.6.9. Any perfect compact totally disconnected metric sp&ds
homeomorphic to the Cantor set.

PROOF Any pointz € X is contained in a set of arbitrally small diameter
which is both closed and open. Fois the intersection of all sets which are open
and closed and contain Take a cover ofX \ X by sets which are closed and
open and do not containAdding the ballB(z, €) one obtains a cover of which
has a finite subcover. Union of elements of this subcover otherZ#fiane) is a set
which is still open and closed and whose complement is containBdaine).

Now consider a cover of the space by sets of diametémvhich are closed and
open. Take a finite subcover. Since any finite intersection of such sets is still both
closed an open by taking all possible intersection we obtpartition of the space
into finitely many closed and open sets of diameter. Since the space is perfect
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no element of this partition is a point so a further division is possible. Repeating
this procedure for each set in the cover by covering it by sets of diardel¢ we

obtain a finer partition into closed and open sets of of diamétér2. Proceeding

by induction we obtain a nested sequence of finite partitions into closed and open
sets of positive diametex 1/2", n = 0,1,2,.... Proceeding as in the proof

of Proposition 2.1.5, that is, mapping elements of each partition inside a nested
sequence of contracting intervals, we constuct a homeomorphism of the space onto
a nowhere dense perfect subsef®fl| and hence by Proposition 2.1.5 our space

is homeomorphic to the Cantor set. O

3.6.4. Universality of the Hilbert cube. Theorem 3.2.6 means that Cantor
set is in some sense a minimal nontrivial compact metrizable space. Now we will
find a maximal one.

THEOREM 3.6.10. Any compact separable metric spa&eis homeomorphic
to a closed subset of the Hilbert culse

PROOF First by multiplying the metric by a constant if nesessary we may
assume that the diameter &f is less that 1. Pick a dense sequence of points
r1,T2... INX. LetF : X — H be defined by

F(z) = (d(z,71),dx, 22), ... ).

This map is injective since for any two distict pointsand 2’ one can findn
such thatd(z, z,,) < (1/2)d(2’, x,,) so that by the triangle inequality(x, z,,) <
d(2', xy,) and hence’(z) # F(2'). By Proposition 1.5.1F(X) C H is compact
and by Proposition 1.5.1B is a homeomorphism betweéhand F'(X). O

EXERCISE3.6.2. Prove that the infinite-dimensioanl toftfs, the product of
the countably many copies of the unit circle, has the same universality property as
the Hilbert cube, that is, any compact separable metric sfaisehomeomorphic
to a closed subset G>°.

3.6.5. Capacity and box dimension.For a compact metric space there is a
notion of the “size” or capacity inspired by the notion of volume. Suppise
is a compact space with metrit Then a set! C X is said to ber-denseif
X C U,ep Ba(z,r), whereBy(z,r) is ther-ball with respect tal aroundz (see
??). Define ther-capacityof (X, d) to be the minimal cardinalitys;(r) of an
r-dense set.

For example, ifX = [0, 1] with the usual metric, thef,;(r) is approximately
1/2r because it takes ovdr/2r balls (that is, intervals) to cover a unit length,
and the|2 + 1/2r|-balls centered atr(2 — r), 0 < i < |1 4 1/2r| suffice.
As another example, ik = [0,1]? is the unit square, thef;(r) is roughlyr—2
because it takes at Iea]s/t7rr2 r-balls to cover a unit area, and, on the other hand,
the (1 + 1/r)2-balls centered at poin{gr, jr) provide a cover. Likewise, for the
unit cube(1 + 1/7)3, r-balls suffice.
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In the case of the ternary Cantor set with the usual metric we Baig=?) =
2! if we cheat a little and use closed balls for simplicity; otherwise, we could use
S4((3 —1/i)~%) = 2¢ with honest open ballls.

One interesting aspect of capacity is the relation between its dependence on
[that is, with which power of- the capacityS,(r) increases] and dimension.

If X =[0,1], then

_ log Sa(r) _ log(1/2r) log2 +logr

lim —-———=>lim ———— =lim——— =1
r—0 logr r—0 logr r—0 log r
and
lim log Sq(r) < lim - log|2 4+ 1/2r] < lim — log(1/7) _1
r—0 logr r—0 logr logr

solim,_o —log Sy(r)/logr = 1 = dim X. If X = [0, 1]?, then

lir% —log Sy(r)/logr =2 =dim X,

and if X = [0, 1]3, then

lin% —log S4(r)/logr =3 = dim X.

This suggests thadtm, . — log Sy(r)/ log r defines a notion of dimension.

DEFINITION 3.6.11. If X is a totally bounded metric space (Definition 3.6.6),
then

1
beim(X) = lim — 285(")
r—0 log T

is called thebox dimensiomf X.

Let us test this notion on a less straightforward example’' 1§ the ternary
Cantor set, then

. . log Sy(r) . log 2° log 2
bd =lim ————~> = lim — - = i
im(C) ro0 log r oo log3—* log3

If C, is constructed by deleting a middle interval of relative length (2/«)
at each stage, thebdim(C,) = log2/loga. This increases to 1 as — 2
(deleting ever smaller intervals), and it decreases to @ as oo (deleting ever
larger intervals). Thus we get a small box dimension if in the Cantor construction
the size of the remaining intervals decreases rapidly with each iteration.

This illustrates, by the way, that the box dimension of a set may change under
a homeomorphism, because these Cantor sets are pairwise homeomorphic. Box
dimension and an associated but more subtle notiddaafsdorff dimensiomare
the prime exhibits in the panoply of “fractal dimensions”, the notion surrounded
by a certain mystery (or mystique) at least for laymen. In the next section we will
present simple calculations which shed light on this notion.
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3.7. Metric spaces with symmetries and self-similarities

3.7.1. Euclidean space as an ideal geometric object and some of its close
relatives. An outstanding, one may even say, the central, feature of Euclidean ge-
ometry, is an abundance of isometries in the Euclidean space. Not only there is
isometry which maps any given point to any other point (e.g. the parallel transla-
tion by the vector connecting those points) but there are also isometries which inter-
change any given pair of points, e.g the central symmetry with respect to the mid-
point of the interval connecting those points, or the reflection in the (hyper)plane
perpendicular to that interval at the midpoint. The latter property distinguishes a
very important class of Riemannian manifolds, calgchmetric spaced he next
obvious examples of symmetric space after the Euclidean spaces are sgjheres
with the standard metric where the distance is measure along the shorter arcs of
great circles. Notice that the metric induced from the embeddit&} efs the unit
sphere int®R™+! also possesses all there isometries but the metric is not a Rieman-
ninan metric, i.e. the distance cannot be calculated as the minimum of lengths of
curves connecting two points, and thus this metric is much less interesting.

ExXERCISE3.7.1. How many isometries are there that interchange two points
x,y € R™ for different values oh?

EXERCISE3.7.2. How many isometries are there that interchange two points
x,y € S™ for different values of, and for different configurations of points?

EXERCISE3.7.3. Prove that the real projective sp&B(n) with the metric
inherited from the spher@®) is a symmetric space.

EXERCISE3.7.4. Prove that the tord®® is with the metric inherited fronR™
a symmetric space.

There is yet another remarkable property of Euclidean spaces which is not
shared by other symmetric spaces: existenceiroflarities i.e. transformations
which preserve angles and changes all distances with the same coefficient of pro-
portionality. It is interesting to point out that in the long quest to “prove” Euclid’s
fifth postulate, i.e. to deduce it from other axioms of Euclidean geometry, one
among many equivalent formulations of the famous postulate is existence of a sin-
gle pair of similar but not equal ( not isometric) triangles. In the non-Euclidean
hyperbolic geometry which results from adding the negation of the fifth postulates
there no similar triangles and instead there is absolute unit of length! Inciden-
tally the hyperbolic plane (as well as its higher-dimensional counterparts) is also a
symmetric space. Existence of required symmetries can be deduced synthetically
form the axioms common to Euclidean and non-Euclidean geometry, i.e. it belong
s to so-callecAbsolute geometnithe body of statement which can be proven in
Euclidean geometry without the use of fifth postulate.

Metric spaces for which there exists a self-map which changes all distance with
the same coefficient of proportionality different from one are caleé-similar
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Obviously in a compact globally self-similar space which contain more one
point the coefficient of proportionality for any similarity transformation must be
less than one and such a transformation cannot be bijective; for non-compact spaces
this is possible however.

3.7.2. Metrics on the Cantor set with symmetries and self-similarities.
There is an interesting example of a similarity on the middle-third Cantor set,
namely, fo: [0,1] — [0,1], fo(x) = x/3. Sincef, is a contraction, it is also
a contraction on every invariant subset, and in particular on the Cantor set. The
unique fixed point is obviousl9. There is another contraction with the same con-
traction coefficient 1/3 preserving the Cantor set, nanfely) = ””3# with fixed
point 1. Images of these two contractions are disjoint and together they cover the
whole Cantor set

EXERCISE3.7.5. Prove that any similarity of the middle third Cantor set be-
longs to the semigroup generated fayand f7.

EXERCISE 3.7.6. Find infinitely many different self-similar Cantor sets on
[0, 1] which contain both endpoints 0 and 1.

3.7.3. Other Self-Similar Sets.Let us describe some other interesting self-
similar metric spaces that are of a different form. Tierpinski carpeis ob-
tained from the unit square by removing the “middle-ninth” squars, 2/3) x
(1/3,2/3), then removing from each squaf&/3,i + 1/3) x (j/3,7 + 1/3) its
“middle ninth,” and so on. This construction can easily be described in terms of
ternary expansion in a way that immediately suggests higher-dimensional analogs.

Another very symmetric construction begins with an equilateral triangle with
the bottom side horizontal, say, and divide it into four congruent equilateral tri-
angles of which the central one has a horizontal top side. Then one deletes this
central triangle and continues this construction on the remaining three triangles. he
resulting set is sometimes call&ikrpinski gasket

The von Koch snowflakées obtained from an equilateral triangle by erecting
on each side an equilateral triangle whose base is the middle third of that side
and continuing this process iteratively with the sides of the resulting polygon It is
attributed to Helge von Koch (1904).

A three-dimensional variant of the Sierpinski carfas the Sierpinski sponge
or Menger curve defined bi(x,y, z) € [0,1]? | (z,y) € S, (z,2) € S (y,2) €
S}. Itis obtained from the solid unit cube by punching a 1/3-square hole through
the center from each direction, then punching, in each coordinate direction, eight
1/9-square holes through in the right places, and so on. Both Sierpinski carper and
Menger curve have important universality properties which we do not discuss in
this book.

Let as calculate the box dimension of these new examples. For the square
Sierpinski carpet we can cheat as in the capacity calculation for the ternary Cantor
set and use closed balls (sharing their center with one of the small remaining cubes
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at a certain stage) for covers. Then(37?/+/2) = &' and

bdim(S) = lim — logSZ :log8:3log2’
n—co  log3~i/y/2 log3  log3
which is three times that of the ternary Cantor set (but still less than 2, of course).
For the triangular Sierpinski gasket we similarly get box dimengiar3/ log 2.
The Koch snowflakel hasS;(37%) = 4° by covering it with (closed) balls
centered at the edges of tite polygon. Thus

bdim(K) = lim — log4_2' _ log 4 _ 210g2’
n—oo  log3™* log3 log 3

which is less than that of the Sierpinski carpet, corresponding to the fact that the
iterates look much “thinner”. Notice that this dimension exceeds 1, however, so itis
larger than the dimension of a curve. All of these examples have (box) dimension
that is not an integer, that is, fractional or “fractal’’. This has motivated calling such
setsfractals

Notice a transparent connection between the box dimension and coefficients of
self-similarity on all self-similar examples.

3.8. Spaces of continuous maps

If X is a compact metrizable topological space (for example, a compact mani-
fold), then the spac€'(X, X) of continuous maps oX into itself possesses tiie?
or uniformtopology. It arises by fixing a metrigcin X and defining the distaneé
betweenf, g € C(X, X) by

d(f,g) :=max p(f(x),g(z)).

zeX
The subsetlom(X) of C'(X, X) of homeomorphisms oKX is neither open nor
closed in theC" topology. It possesses, however, a natural topology as a complete
metric space induced by the metric

du(f,9) :=max(d(f,g),d(f~ g7 ").
If X iso-compact we introduce the compact—open topologies for maps and home-
omorphisms, that is, the topologies of uniform convergence on compact sets.
We sometimes use the fact that equicontinuity gives some compactness of a
family of continuous functions in the uniform topology.

THEOREM 3.8.1 (Arzeb—Ascoli Theorem).Let X, Y be metric spacesX
separable, andF an equicontinuous family of maps. {If;};eny C F such that
{fi(x)}ien has compact closure for eveny € X then there is a subsequence
converging uniformly on compact sets to a functfon

Thus in particular a closed bounded equicontinuous family of maps on a com-
pact space is compact in the uniform topology (induced by the maximum norm).

Let us sketch the proof. First use the fact th#t(x)};cn has compact clo-
sure for every point of a countable dense subsebf X. A diagonal argument
shows that there is a subsequerfgewhich converges at every point 6t Now
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equicontinuity can be used to show that for every poirt X the sequencg;, (x)

is Cauchy, hence convergent (singé(x) };,cny has compact, hence complete, clo-
sure). Using equicontinuity again yields continuity of the pointwise limit. Finally

a pointwise convergent equicontinuous sequence converges uniformly on compact
sets.

EXERCISE 3.8.1. Prove that the set of Lipschitz real-valued functions on a
compact metric spac& with a fixed Lipschitz constant and bounded in absolute
value by another constant is compactif, R).

EXERCISE3.8.2. Is the closure i6¥([0, 1], R) (which is usually denoted sim-
ply by C(]0, 1])) of the set of all differentiable functions which derivative bounded
by 1 in absolute value and taking value 0 at 1/2 compact?

3.9. Spaces of closed subsets of a compact metric space

3.9.1. Hausdorff distance: definition and compactnessAn interesting con-
struction in the theory of compact metric spaces is that of the Hausdorff metric:

DEFINITION 3.9.1. If (X, d) is a compact metric space afd(X ) denotes
the collection of closed subsets &f, then theHausdorff metricdy on K(X) is
defined by

du (A, B) :==supd(a, B) +supd(b, A),
acA beB
whered(z,Y") :=inf ey d(z,y) for Y C X.

Notice thatdy is symmetric by construction and is zero if and only if the two
sets coincide (here we use that these sets are closed, and hence compact, so the
“sup” are actually “max”). Checking the triangle inequality requires a little ex-
tra work. To show thatly (A, B) < dg(A,C) + dg(C, B), note thatd(a,b) <
d(a,c) + d(c,b) fora € A, b € B, ¢ € C, so taking the infimum ovefr we get
d(a,B) < d(a,c) + d(c,B) fora € A, ¢ € C. Therefored(a, B) < d(a,C) +
sup.cc d(c, B) andsup,c4 d(a, B) < sup,ca d(a,C) + sup.cc d(c, B). Like-
wise, one getsup,cp d(b, A) < supycp d(b,C) + sup.cc d(c, A). Adding the
last two inequalities gives the triangle inequality.

ProPOSITION3.9.2. The Hausdorff metric on the closed subsets of a compact
metric space defines a compact topology.

PrROOF We need to verify total boundedness and completeness. Pick a finite
e/2-net N. Any closed setd C X is covered by a union of-balls centered
at points of N, and the closure of the union of these has Hausdorff distance at
moste from A. Since there are only finitely many such sets, we have shown that
this metric is totally bounded. To show that it is complete, consider a Cauchy
sequence (with respect to the Hausdorff metric) of closed4gts X. If we let
A= Npeny Un>i An, then one can easily check thatd,,, A) — 0. O
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ExXERCISE3.9.1. Prove that for the Cantor g8tthe space<(C) is homeo-
morphic toC.

EXERCISE3.9.2. Prove thak([0, 1]) contains a subset homeomorphic to the
Hilbert cube.

3.9.2. Existence of a minimal set for a continuous mapAny homeomor-
phism of a compact metric spaéeinduces a natural homeomorphism of the col-
lection of closed subsets &f with the Hausdorff metric, so we have the following:

PrROPOSITION3.9.3. The set of closed invariant sets of a homeomorphism f of
a compact metric space is a closed set with respect to the Hausdorff metric.

PrROOF This is just the set of fixed points of the induced homeomorphism;
hence it is closed. O

We will now give a nice application of the Hausdorff metric. Brouwer fixed
point Theorem ?? and??) does not extend from the disc to continuous maps of
other spaces even as simple and and nice as the circle. The simplest example of a
continuous map (in fact a sel~homeomorphism) which does not have have fixed
points is a rotation of the circle; if the angle of rotation is a rational multiple of
all points are periodic with the same period; otherwise there are no periodic points.

However, there is a nice generalization which works for any compact Haus-
dorff spaces. An obvious property of a fixed or a periodic point for a continuous
map is its minimality: it is an invariant closed set which has no invariant subsets.

DEFINITION 3.9.4. Aninvariant closed subsétof a continuous magp: X —
X is minimalif there are no nonempty closégdinvariant subsets ofl.

THEOREM3.9.5. Any continuous may of a compact Hausdorff spacé with
a countable base into itself has an invariant minimal set.

PROOF By Proposition 1.5.3 the space€ is metrizable. Fix a metrid on
X and consider the Hausdorff metric on the sp@ceX) of all closed subsets
of X. Since any closed subsét of X is compact (Proposition 1.5.2)(A) is
also compact (Proposition 1.5.11) and hence closed (Proposition 1.5.3). fThus
naturally induces a map,.: K(X) — K(X) by settingf.(4) = f(A). A direct
calculation shows that the mafy is continuous in the topology induced by the
Hausdorff metric. Closed-invariant subsets ok are fixed points off,. The
set of all such sets is closed, hence compact sulfggtof K (X). Consider for
eachB € I(f) all A € I(f) such thatA C B. SuchA form a closed, hence
compact, subsdtz (f). Hence the function ofiz( f) defined byl (A, B) reaches
its maximum, which we denote by (B), on a certainf-invariant setV/ C B.

Notice that the functiom:(B) is also continuous in the topology of Hausdorff
metric. Hence it reaches its minimumy, on a certain selV. If my = 0, the setvV
is a minimal set. Now assume thaf, > 0.
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Take the set\/ C B such thatdy (M, B) = m(B) > mg. Inside M one
can find an invariant subs@ét/; such thatdy(M;, M) > my. Notice that since
M, Cc M, dg(My,B) > dg(M,B) =m(B) > my.

Continuing by induction we obtain an infinite sequence of nested closed in-
variant setsB D M D My D My D --- D M, D ... such that the Hausdorff
distance between any two of those sets is at legsiThis contradicts compactness
of K (X) in the topology generated by the Hausdorff metric. O

EXERCISE3.9.3. Give detailed proofs of the claims used in the proof of The-
orem 3.9.5:
e the mapf,: K(X) — K(X) is continuous;
e the functionm(-) is continuous;
° dH(MZ',Mj) > my fOfi,j =1,2,...51% 75]

ExXeERCISE3.9.4. For every natural numbeigive an example of a homeomor-
phism of a compact path connected topological space which has no fixed points and
has exactly, minimal sets.

3.10. Problems

ExXeRcISE3.10.1. Prove that every metric space is homeomorphic to a bounded
space.

ExXERCISE3.10.2. Prove thatin a compact skein metric spaceX there exists
a pair or pointse, y € A such thatl(z,y) = diam A.

ExXERCISE3.10.3. Suppose a functieh X x X — R satisfies conditions (2)
and (3) of Definition 3.1.1 but not (1). Find a natural way to modify this function
so that the modified function becomes a metric.

EXERCISE3.10.4. LetS be a smooth surface I3, i.e. it may be a non-critical
level of a smooth real-valued function, or a closed subset locally given as a graph
when one coordinate is a smooth function of two othérsarries two metrics: (i)
induced fromR? as a subset of a metric space, and (ii) the natural internal distance
given by the minimal length of curves % connecting two points.

Prove that if these two metrics coincide th€iis a plane.

EXERCISE 3.10.5. Introduce a metri¢ on the Cantor sef’ (generating the
Cantor set topology) such thef, d) cannot be isometrically embeddedR& for
anyn.

EXERCISE3.10.6. Introduce a metri¢on the Cantor sef’ such tha{C, d) is
not Lipschitz equivalent to a subsetRf for anyn.

EXERCISE 3.10.7. Prove that the set of functions which are notddr con-
tinuous at any point is a residual subsetifo, 1]).
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EXERCISE3.10.8. Letf: [0,1] — R? bea-Hoder witha: > 1/2. Prove that
f([0,1)] is nowhere dense.

ExXERCISE3.10.9. Find a generalization of the previous statement for the maps
of them-dimensional cubé™ to R™ with m < n.

EXERCISE3.10.10. Prove existence of 1/Zlder surjective mag: [0,1] —
I%. (Such a map is usually calledPeano curvi

ExERCISE3.10.11. Find a Riemannian metric on the complex projective space
CP(n) which makes it a symmetric space.

EXERCISE3.10.12. Prove th&" is not self-similar.



