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1. INTRODUCTION AND STATEMENT OF RESULTS 

THIS note is part of an ongoing program directed at understanding the actions of lattices in 
semisimple Lie groups on compact manifolds by diffeomorphisms. A brief account of the 
history and current state of this program will be given in Section 3. Our main result is the 
following. 

THEOREM 1.1. Suppose r is a subgroup offinite index in SL(n, E), n > 3, M = T”, and 

p: r + Diff(M) is a smooth action such that 

(i) p preserves a non-atomic probability measure p, 

(ii) there exists an element y. E r such that the di$eomorphism p(yO) is Anosov 
and in addition one of the following three conditions hold: 

(a) The measure p is positive on open sets, i.e. supp p = T” and p is ergodic with respect to 

P. 
(b) p is absolutely continuous. 

(c) Let p*: r --, GL(n, Z) denote the homomorphism corresponding to the action on 

H,(M) 1: Z”. Then p.+(yo) is an irreducible matrix over Q and either n 2 4 or ifn = 3 
the eigenvalues of p.JyO) are real. 

Then there exists a 1-cocycle a: I- + Q”/iP (where r acts on W/P via p*) and a difiomor- 

phism h of M conjugating p to the afine action given by p* and a, i.e. p(y) = h(p,(y) + 

a(y))h-’ for every y E r. In particular, p is smoothly conjugate to p* on a subgroup of$nite 
index. 

Here and below we slightly abuse notations by using the same symbol for an integer 
n x n matrix and the endomorphism of the n-dimensional torus T” induced by that matrix. 

At the beginning of the next section we will show that cases (b) and (c) are reduced to (a). 
Observe also that the homomorphisms r + GL(n, Z) can be completely classified using 

the (finite-dimensional) superrigidity theorem of Margulis [30, Theorem 5.1.21. The conse- 
quences for the homomorphism p* corresponding to the action on IfI, given that some 
element acts by an Anosov diffeomorphism, are worked out in Section 2 of [9]. The precise 
conclusion is that there exists a matrix A E GL(n, Q) and a homomorphism I : r + { f I} 

such that either p*(v) = t(y)AyA-’ for every y E r or p,(y) = r(y)~I(y-‘)~A-’ for every y E JY. 
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Recall that if r is any finitely generated discrete group and G is any topological group 
whatsoever, we denote by R(T, G) the space of homomorphisms of l? into G with the 
compact/open topology. A homomorphism p0 E R(T, G) is said to be locally rigid if there 
exists a neighborhood U of p. in R(T, G) such that for every p E U there exists g E G such 

that p(y) = gPo(Y)g-l for every y E r. 
An easy argument (Lemma 2.6, which first appeared in [26]) shows that any C’ 

perturbation of a volume-preserving action of a Kazhdan group on a compact manifold 
must preserve an absolutely continuous probability measure. Furthermore, the standard 
action of any finite-index subgroup r of SL(n, Z) contains Anosov elements and the 
property of being an Anosov is C’ open. These remarks allow to apply case (b) of Theorem 
1.1 to obtain the local C’ rigidity of standard actions. For n > 4 this was proved in [8] but 
the case n = 3 is new. The notion of local rigidity in this statement corresponds to the 

representations of r into the group Diff T” of C” diffeomophisms of the n-torus provided 
with the C’ topology. 

COROLLARY 1.2. Let r = SL(n, Z) or any subgroup of finite index, n > 3. Then the 

standard action of r on T” is locally Cl rigid. 

Our proof of Theorem 1.1 is based on a result due to Zimmer (extending ideas of 
Margulis), the “superrigidity theorem for cocycles” [30, Theorems 5.2.5 and 9.4.141. The 
cocycle superrigidity theorem yields a homomorphism rr : r + SL(n, R) and a measurable 
framing, a, of the tangent bundle TM with respect to which the derivative &p(y) is given by 
n(r) for every y E r and x E M. The dynamical hypothesis (ii) in Theorem 1.1 makes it 
possible to conclude that the framing B, which is a priori only measurable, is in fact 
continuous on supp ~1, which by assumption (a) means everywhere. This implies that 
elements y E r with n(y) hyperbolic act by Anosov diffeomorphisms, with Lyapunov 
exponents determined by the eigenvalues of R(Y). In particular, we are in a position to apply 
either Theorem 4.12 in [8] or the argument in [7] to conclude that there exists a free abelian 
subgroup d of rank n - 1 in r whose action is smoothly conjugate to the action on 
homology. Then it is easy to see that p.+ and ?I must coincide, and that the continuous 

linearizing frame r_r is the image of a constant frame (i.e. constant with respect to the 
standard trivialization TM 2: T” x R”) under the conjugating diffeomorphism for the action 
of the abelian subgroup d. Theorem 1.1 follows. 

We should probably remark at the outset that the cocycle superrigidity theorem is 
applicable in much greater generality, in particular, to actions of more general groups and 
on other compact manifolds. Indeed, the argument we shall present below applies, with very 
minor modifications, to some additional cases, such as r c Sp(n, Z) of finite index acting on 
M = T ‘“, n > 2. However, we have deliberately restricted the scope of this note in order to 
present the essential new ideas in the most strightforward possible setting. The issues which 
arise in extending Theorem 1.1 to more general actions will be addressed elsewhere; here we. 
shall content ourselves with a brief discussion in the final section. 

2.PROOFS 

In this section we provide the proofs of Theorem 1.1 and its Corollary 1.2. By an 
elementary argument (cf. Lemmas 2.6 and 2.14 in [9]), it will suffice to establish Theorem 1.1 
on any subgroup r’ c r of finite index. In particular, we may assume without loss of 
generality that the action p is orientation-preserving. 

First let us show that cases (b) and (c) of the theorem follow from case (a). 
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Any absolutely continuous invariant measure of an Anosov diffeomorphism is given by 

a smooth positive density and hence is positive on open sets [14, 151. Furthermore, any 
Anosov diffeomorphism is ergodic with respect to such a measure [l] (a more recent 
exposition of the relevant results appears in Section III.2 of [ 161). Thus the diffeomorphism 
p(yO) and hence the whole action p is ergodic with respect to p. 

For case (c) we will assume that p is ergodic (by taking ergodic components if necessary 
and noticing that the measures will still be non-atomic) and will show that supp p= T”. 
First let us recall that any Anosov diffeomorphism of T” is topologically conjugate to the 

linear map given by the action on the first homology group [17]. The conjugacy is 
a homeomorphism homotopic to identity and is uniquely determined by the image of the 
origin which, of course, must be fixed by our diffeomorphism. Thus p(y,,) = h(p,(yO))h-’ 
for some homeomorphism h homotopic to identity. For any hyperbolic linear automor- 
phism of the torus its centralizer in Homeo(T”) coincides with centralizer in the space of 
affine maps of the torus (cf. e.g. [23]). Furthermore, this centralizer contains a finite index 
subgroup which belongs to SL(n, Z), and hence a finite index subgroup C which lies in 
p,(T). Since p(T) contains at most one diffeomorphism in each homotopy class we conclude 
that p(C) = h(p,(C))h-I. Since any p-invariant measure is in particular p(C)-invariant, we 
conclude that p = h,v for a p,(C)-invariant non-atomic measure v whose support ‘is 
obviousy an. infinite p,(C)-invariant closed set. From irreducibility of the matrix p.Jy,,) it 
follows immediately that its eigenvalues are all different (otherwise the characteristic 
polynomial of the matrix has non-trivial greatest common divisor with its derivative and is 
hence reducible over the rationals). The rank of the free part of its centralizer is equal to the 
rank of the group of units in the ring of integers in the number field Gay,,). By the Dirichlet 

unit theorem the latter rank is equal to the number of real eigenvalues of the matrix plus 
the number of pairs of complex-conjugate eigenvalues minus one. Thus condition (c) implies 
that the centralizer of y. contains Z2 and hence the rank of C is > 2. Now we invoke the 
result by Berend [2, Theorem 2.11 which implies that any infinite p,(C)-invariant closed 
set is the whole torus, hence supp ,u = h,supp v = T” and case (a) applies. 

Now we proceed to the proof of case (a). Let PM denote the principal bundle of n-frames 
in the tangent bundle TM to M = V”. As usual, we identify each cp E P,M with an 
isomorphism cp : R” + T,M. The following proposition summarizes the consequences of the 
cocycle superrigidity theorem in the context of Theorem 1.1. Although the argument is by 
now standard, we provide a complete proof for the reader’s convenience. 

PROPOSITION 2.1. Suppose that r c SL(n, Z), n b 3, M = T”, and P : r + Diff(M) satisfy 
the hypotheses of Theorem 1.1 and in addition, that p is orientation-preserving. Then there 
exists a measurable section (T : M + PM and a homomorphism 7c : r -+ SL(n, R) such that with 

respect to theframing o, the derivative L&p(Y) is given by + n(y), i.e. for every y E r, 

Rcp(y)4x) = f 4P(Y)XHY) 

for almost every x E M. Moreover, there is a matrix A E GL(n, W) of determinant f 1 which 

conjugates the representation n to either the identity representation or the involution 

y H(y-l)’ (inverse transpose). 

Proof: Let r: M + PM denote the standard framing on M, i.e. T corresponds to the 
constant section z(x) = I under the natural identifications TM z M x R”, 

PM-MxGL(n,R).Thenletl:TxM + GL(n, R) denote the derivative cocycle for the 
action p with respect to the section T, so that 

kP(Y)z(x) = $P(Y)xK(Y, x) 
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for every y E r and x E M. Since r acts ergodically with respect to p the algebraic hull 
H, c GL(n, R) of < (or more precisely, its conjugacy class) is well-defined (cf. [30, Section 9.2.1) 
Let 5 r x M + HR denote a (measurable) cocycle equivalent to 5, and let ?: M + GL(n, R) 
denote the Bore1 map which gives the equivalence between t and z, so that for every y E r, 

for almost every x E M. 

Z(r, x)?(x) = ?(P(Y)x)r(YY x) 

The existence of an ergodic invariant probability measure, together with our assumption 
that p is orientation-preserving, imply that we can take H c SL(n, C). This follows from 
splitting the cocycle into the SL(n, Z) part and Iw, part (the latter given by the determinant) 
and noticing that the second component is cohomologous to identity since I-’ is a Kazhdan 
group. 

Let Ho denote the (Zariski) connected component of H, and set S = HR/(Ho) x M with 
the Ftwisted action r(&, x) = (fly, x)& p(y)x). Define 8: r x S + HR,/3(y, 6 x) = &, x). 
Then by [30,9.2.6], the action of r on S is ergodic, and the algebraic hull of the cocycle /-J is 

(H’)R. 
Write Ho = LtxU where L is reductive, U is unipotent, and L and U are H-groups. Let 

6 : r x S + LR denote the cocycle obtained by composing /I with the projection onto LR. Let 
p: LR + LR/[LR, LR] denote the projection. Then the algebraic hull of po 6 is L&La, LR], 
which is amenable, so since r is a Kazhdan group, LR/[LR, LR] is compact by [30, 9.1.31. 
Since L = [L, L] . Z(L), where Z(L) denotes the center, and [L, L] n Z(L) is finite, it 
follows that Z(L), is also compact. 

Write L/Z(L) as a product of semisimple (W-groups, L/Z(L) = L1 x L1, where (L& is 
compact and (Llkr is center-free with no compact factors. Let 4: La + (Lr)* denote the 
projection. Then q 0 6 : r x S + (Ll)w is a cocycle with algebraic hull (L,),, so by the 
superrigidity theorem for cocycles [30, 9.4.141, there is an H-rational homomorphism 
it: SL(n, C) + L1 such that q 0 6 is equivalent to the cocycle tfir: (7, x) --* E(y). 

Examining the list of representations of SL(n, C), we see that there are only two 
possibilities: either L1 is trivial, or L1 = SL(n, @)/Z(SL(n, C). In the first instance, we could 

conclude that the algebraic hull of the derivative cocycle < is compact. But it’s easy to see 
that this contradicts hypothesis (ii), the existence of y. E r with p(yo) Anosov. Thus 
L1 = L/Z(L) = H”/Z(Ho) = H/Z(H) = SL(n, @)/Z(SL(n, C)). Moreover, H = SL(n, C) is 
connected, S = M, and there are essentially only two possibilities for the representation 
it: SL(n, C) -+ L1. Namely, ?c = r 0 rr, where rt : SL(n, C) + SL(n, C) is either the identity map 
or the involution y H (y - ’ y followed by conjugation by some matrix A E r- ’ ((L, )R), and 
r denotes the projection SL(n, C) + L1 = SL(n, @)/Z(SL(n, C)). 

Note that r-‘((L,),) can be described more concretely: 

r-l((J.,I)R) = (g E SL(n, @)I Ad(g) is an R-rational automorphism of el(n, OX)>. 

In general, the elements of r-‘((L,),) have complex entries. However, it’s easy to see that 
every A E r-‘((L,),) is of the form A = LA’, where 1 E @ is a scalar (in fact, a root of unity) 
and A’ E GL(n, R) with determinant + 1. In particular, we can replace the conjugating 
matrix A in the preceding paragraph with a matrix in GL(n, Iw), and if ij : M + (L, ), denotes 
the Bore1 map which gives the equivalence between q 0 6 and rli,r, ij lifts to a map ij: 
M + GL(n, !R). Then jj reduces t to + rr, i.e. for every y E r, 

8% x)%x) = * d(p(r)x)x(r) 

for almost every x E M. Then 0: M + GL(n, R), CT(X) = 7(x )- ‘t(x), or more precisely, the 
corresponding section ro : M + PM, x H t(x)a(x), is the required framing. 0 
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The statement of Proposition 2.1 is perhaps a bit awkward; what the argument actually 
provides is a Bore1 map 5 : M + PGL(n, W) such that for every y E I, 

f(% x)W) = WY)X)%(Y) 

for almost every x E M. (Here r? : SL(n, C) + L1 as above, and e : M + PGL(n, R) is the map 
corresponding to the derivative cocycle < : M --, GL(n, R). Note that 

PGL(n, W) = GL(n, R)/Z(GL(n, R)) 

is naturally identified with 

(L1)R = (SL(s, @)/Z(SL(% @))Ri 

every matrix in GL(n, W) is a scalar multiple of a matrix in SL(n, C), so there is a natural 
inclusion PGL(n, R) ark, and our observation in the preceding paragraph shows that 
this map is surjective.) 

Observe that 5 is unique. For if 5 : M + PGL(n, IX) is another map with the same 

property, then with cp: M +PGL(n, R); x->(x)-la(x), for every y E I, we have 

cp(p(y)x) = it(y)cp(x)?i(y)-’ for almost every x E M. Then the measure cp* ,u on PGL(n, IX) is 
invariant under conjugation by 5(I). But the only is(T) invariant probability measure on 
PGL(n, R) is the point mass at the identity. Although one can give an explicit, elementary 
proof in this special case, and the general result is probably well-known, we know of no 
convenient reference and therefore provide a proof which works in general. 

LEMMA 2.2. Suppose G c GL(n, C) is a semisimple R-group such that G = GR has no 
compact factors, and r c Go (connected component in the Hausdorff topology) is a lattice. 

Then the only probability measures on G which are invariant under conjugation by the elements 

of r are those supported on the center of G. 

Proof: Let p be a I-invariant probability measure on G. By standard arguments (cf. e.g. 
[29, Section 3]), we may assume without loss of generality that p is ergodic. Since the action 
of G on itself by conjugation is algebraic, every conjugacy class is locally closed by [3] (cf. 
[30, 3.1.31). Then by [30, 2.1.113, any I-ergodic measure must be supported on a single 
conjugacy class. Thus there exists go E G such that /J is supported on the conjugacy class 

bog-‘IgWv h h w ic is isomorphic to the quotient variety G/Z,(go) with G acting by left 
translation. By a theorem of S. G. Dani [4 Corollary 2.61 which generalizes a theorem of 
C. C. Moore [19] the stabilizer 

G, = {g E G ( the g-action on G/Z,(go) preserves ,u} 

is (equal to the R-points of) an R-algebraic group, and 

J,={gEGIgx=x,VxEsupp~} 

is a normal, co-compact subgroup in G,..Then by the Bore1 density theorem, I c G, implies 
G, = G, and since G has no compact factors, J, 2 Go. In other words, each point in supp p 
is centralized by Go, hence supp p c Z(G). 0 

The next step is to show that in the presence of an Anosov diffeomorphism, the section 5, 
which is a priori only measurable, must in fact be continuous. 

LEMMA 2.3. Under the hypotheses of Theorem 1.1 (a) and the notation of the preceding 
section, the section 5 : M + PGL(n, W) is continuous. 
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Proof: Fix y E r and decompose Iw” into characteristic subspaces for the action of 

a(r) E SL(n, Iw): 

R” = @ Wi, Wi = {W # OE W” 1 lim (l/m) In 11 Il(~)“ll/llW 11 --*Xi} U (0); 
m+*oo 

xi E R are called the characteristic exponents for n(y). Define measurable distributions wi on 
M, Yf-&x) = Z(X)Z(X)Wi. Let II . II denote the standard (Riemannian) fiber metrics on TM 
and PM. 

LEMMA 2.4. For p-almost every x E M, 

wi(X) - (0) = {W Z 0 E T,M I lim (VW Ill),p(~)“~ II/l1 w 11 + xi} u (0). 
m*fm 

Proof: Given 0 < E < 1, there exists a subset Sp c M such that p(Y) > 1 - E and both 
IIn II and Ilo( ’ II are uniformly bounded for x E Y. Then for almost every x E 9, 
p(y) * mx E Y for infinitely many m E N +. Thus, for w E Wi - (0) and almost every x E 9, 
there is a subsequence of m’s for which lim,, * o. (l/m) ln Il~x~(r)mw(~)lllIlw(~)ll -+ Xi, where 
w(x) = a(x)w. 

On the other hand, since the derivative cocycle for p(y), 

z x M -+ GL(n, R); (m, x)H 5(r”, x) = ~(p(r”)x)-‘~,p(r”)r(x) 

is clearly integrable, Oseledec’s multiplicative ergodic theorem [22] (cf. also [18, Section 
V.2)) implies that the limits exist for almost every x E M. Thus the assertion holds for almost 
every x E Y, and Lemma 2.4 follows by taking E + 0. 17 

Recall that there is a y. E r such that p(yo) is Anosov. Lemma 2.4 implies that a(~~) is 
hyperbolic (i.e. has no eigenvalues on the unit circle) and that with W+ = U,,,,, 1 Wi and 
W- = Ulxtl < 1 Wi, where Wi, xi denote the characteristic subspaces and exponents for +), 
W’(x) = a(x) W’(YY(x) = a(x)W-) is equal to the unstable (stable) subspace in TX for 
~(7~) for almost every x E M. In particular, the a priori only measurable distributions w * 
are in fact continuous. 

We need to recall part of the discussion from [9, Section 31. Let G&, W) denote the 
Grassman variety of k-planes in Iw”, 1 < k < n - 1. For each point p. E GJn, W), the map 

is smooth. The map 

PGL(n, R) + G&, R); S I+ ~7~0 

PGL(n, W) -+ G&t, R)’ = G&I, R) x ... x GJn, R); gt+pI, . . . ,gpt) 

V 
is a local embedding in an open neighborhood of Q. (via the inverse function theorem) if and 
only if the intersection of the infinitesimal stabilizers ni=l,.,.,l PgI(n, [W)e;,pr is zero. In 
particular, this condition is satisfied provided that the intersection of the stabilizers 
nl= 1 ,_.. ,[ PGL(n, @)g.l,,, is trivial. 

With yo, Wf, and “w * as above, set k = dim W- and p1 = W- E G&I, W). By the 
Bore1 density theorem, the intersection 

is a (proper) normal subgroup of PGL(n, C), hence is trivial. Thus we can choose matrices 
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Yl =Ly2,... , yc E I such that with pi = z(yi)pl, which is the stable subspace for n(yiyoy; ‘), 
the stabilizer of p = ( pl, . . . ,p/) E G&t, R)’ in PSL(n, C) is trivial. Set U equal to the orbit of 
p under PGL(n, R), U = PGL(n, R)p c GJn, IX)‘. Note that by the preceding paragraph, 
for every &, E PGL(n, IF!), the map S H 94 is a local embedding on a neighborhood of &, in 

PGL(n, W), where 4 = (ql, . . . ,ql) = (&PI, . . . ,&pd = &P E U. 

For 1 < i < tf, let qi : M + GJn, R) denote the map corresponding to the stable distribu- 
tion for the Anosov diffeomorphism p(yiyoy; ‘) under the identification of TM with M x R” 

via the standard trivialization. By Lemma 2.4, qi = 5.pi. (For example, with the above 

notation, ql(x) = ~(x)-~%‘-(x) for almost every x E M.) Define q: M --f G&z, R)‘, 

q=(q1 , . . . ,qc). Since each of the maps qi is continuous (in the Hausdortf topology on 
G&i, R)), it will follow that 5 : M + PGL(n, R) coincides with the continuous map which is 
uniquely determined by i?(x)p = q(x), provided that this makes sense, i.e. provided that 
q(x) E U for every x E M. 

Set S = q-l(U) c M. Since q = Cp, q(x) E U for almost every x E M. In particular, S is 
dense in M. By Lemma 2.4, we can fix a representative for the Bore1 map 5 and delete 
a subset of measure zero from S to obtain a set S’ c S such that S’ is dense in M and 
q(x) = C(x) and a(x) W’ = T(X)- ‘9P” * (x) for every x E S’. 

Now we make use of an elegant trick due to Furstenburg [6]. Suppose that x0 E M - S 

and fix a sequence x, E S’ with x, + x0. As above, for g E GL(n, R), we write g for its image 
in PGL(n, R). Since we are free to multiply by non-zero scalars, we can choose 
g,,, E GL(n, R) so that [lg,,, I( is bounded and 4(x,,,) = &p. Then passing to a subsequence, we 
may assume that g,,, + go E R”““, an n x n matrix. If go were in GL(n, W), we would have 

4(x0) = sop with go E PGL(n, R), contradicting x0 4 S. Thus go 4 GL(n, R), and in particu- 
lar, K = ker(g,) and V = go@“) are proper, non-zero subspaces in R”. 

For any subspace W c UP, the set of g E SL(n, C) for which rc(g) Wand K are in general 
position is a non-empty Zariski open set, so by the Bore1 density theorem, there exists y E I 
such that n(y) W’ and K are in general position. In other words, replacing y. by yyoy-l, we 
may assume that W’ and K are in general position, i.e. 

dim( W’ n K) = sup{dim W’ + dim K - n, O}. 

Now suppose that W is any subspace of R” which is in general position with respect to 
K and that the sequence g,,, W converges in the appropriate Grassman variety, say 

&nW+ Wo. Then either dim W + dim K d n, in which case Wn K = (0) and 
Wo=limg, W=goWc V, or dim W+dimK>n, in which case W+K=R” and 
W. = lim gm W 2 go@“) = V, 

In particular, by compactness of the Grassman varieties, we may again pass to a sub- 
sequence and so assume that the sequences g,,, W’ converge, say g,,, W’ + W$ , and there 
are three possibilities: 

(1) W,+, W,- = v, 
(2) W,+, W; 3 V, or 
(3) W$ C V C w; . 

In any case, W,’ n W; # (0). On the other hand, &W* = 5(x,) W’ = z(x,)-‘~~ (x,) 

by construction, hence t(xo)-‘YV * (x0) = W; by continuity. In other words, the isomor- 
phism z(xo): R” + T,,M identifies W; with the stable and unstable subspaces for the 
Anosov diffeomorphism p(yo), which are transversal. This contradiction establishes S = M, 

and completes the proof of Lemma 2.3. c 
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One immediate consequence of Lemma 2.3 is that the diffeomorphism p(y) is Anosov 
whenever the matrix n(y) (equivalently, y itself) is hyperbolic. Thus we are in a position to 
apply Theorem 4.12 in [S] to conclude that the action of a suitable abelian subgroup d in 
r is linear. (In fact, since 6 also determines the periodic data for the action of d, we might 
just as well apply the regularity theorem in [7].) We summarize this portion of the argument 
as follows. 

LEMMA 2.5. There exists a free abelian subgroup d c r of rank n - 1 (more precisely, 

& is a co-compact subgroup in a maximal split Cartan subgroup A of SL(n, [w)) acting by 

Anosov difleomorphisms and a C” difleomorphism h : M -+ M, homotopic to the identity, such 

that p(y) = hp,(y)h-’ for every y E d, where p .,, : d --t SL(n, Z) denotes the map induced by 

the action on H,(M) N Z”. 

Define a smooth section 7’: M + PM, z’(x) = (Dh- l,h)z(h- ‘x), and set u’ equal to the 
corresponding map M + GL(n, W), u’(x) = r(x)-%‘(x). Then 

&J, x)0’(x) = a’(p(y)x)p,(y) for every y E d and x E M 

where, as above, 5 denotes the derivative cocycle for the action p with respect to the 
standard framing z. As usual, we write ii’: M + PGL(n, Iw) for the map induced by 6’. 

Define a continuous map $: M + PGL(n, OX), $(x) = 5’(x)-‘a(x), and observe that 

p,(y)$(x) = $(p(y)x)ti(y) for every y E d and x E M. 

Since $ is bounded, this relation implies that I(/ takes values in the set of intertwining 
automorphisms for the representations p* 1 d and it 1 d, i.e. 

P,(y)+(x) = +(x)%(y) for every y E d and x E M, 

Thus + is constant along d orbits. But since the restriction p 1 d is conjugate to the linear 
action p* 1 .sQ, we know in particular that p I d is topologically transitive, i.e. some orbit is 
dense. Thus $ is constant, and we conclude that 5’ = 5 + Q, where S E PGL(n, W) intertwines 
&Id and iii&. 

Unraveling the notation, we see that 

D,(h-‘p(y)h)z(x) = f T(h-‘p(y)hx)p,(y) for every y E r and x E M. 

In other words, h-‘p(y)h is an affine transformation of the torus, with linear part + p,(y). 
Since the actions on H1 coincide, the sign is always positive. 

Now set a(y) = h-‘p(y)h(O), so that p(y) = h@,(y) + cc(y))h-‘; cr:T + T” is a 1-cocycle, 
a E Z’ (r, lJ*), where I- acts on the abelian group T” via p* . All that remains to complete the 
proof of Theorem 1.1 is to show that the cocycle c1 takes values in a”/,“. To be more precise, 
we need to show that tl is equivalent to a cocycle with values in Q”/Z”. (We can vary CL within 
its cohomology class by adjusting our choice of origin, i.e. by pre-composing h with 
a translation.) This is equivalent to the purely geometric assertion that p(T) has a finite 
orbit. 

Recall that H’(T, DX”) = 0 (this is established for a general linear representation of r in 
[18]). Thus the short exact sequence of coefficient modules Z” + Iw” + T” gives a long 
exact sequence 

0 + Hl(r, uy + H2(r, zn) -+ fz2(r, w). 



LATTICE ACTIONS ON TORI 35 

Now by the Kiinneth formula, 

W(l-, W) = HZ(l-, h” 8 W) N Hqr, Z”) @ R 

so that the kernel of the natural map H’(T, Z”) + H’(T, R”) is precisely the torsion 
subgroup of H2(r, E”).t Combining the two observations, we see that every element of 
H’(T, T”) is torsion. In other words, there exist m E N + and x0 E U” such that 

me a(y) = yxo - x0 for every y E r. 

Fix x1 E T” such that m.x, = x0, and set h’(x) = h(x - x1), a’(y) = (h’)-‘p(y)h’(O). Then 
m *a’ = 0, i.e. CI’ takes values in the m-division points in T”. This completes the proof of 
Theorem 1.1. 0 

In order obtain Corollary 1.2 from Theorem 1.1, we need the following lemma, which 
first appeared in [26]. 

LEMMA 2.6. Suppose I-’ is a discrete Kazhdan group (i.e. r satisfies Kazhdan’s “Property 

T”), M is a compact manifold, and p. E R(T, Diff ‘(M)) is an action of r on M by C’ 

diffeomorphisms. Then ifpo preserves an absolutely continuous probability measure ,u on M, 

there is a neighborhood U of p. in R(T, Diff’(M)) such that each p E U preserves an 

absolutely continuous measure pp. 

Proof Let 6 E L’(M) denote the invariant density, so that for every y E r, 

WY)X) = lR&)I- ‘b(x) 

for almost every x E M. In other words, S “’ E L2 is a non-trivial invariant vector under the 
unitary representation 

I~~:I-xL~ + ~2; (I~,(Y)cP)(x) = ID,,(,,-~,P,(Y)I-“~~(P~(Y)-~x). 

One formulation of Property T for discrete groups is as follows. r is finitely generated, and 
corresponding to any fixed finite generating set {yl, . . . , y,,,} for r, there exists E > 0 with the 

following property: if (n, %‘) is any unitary representation of r and there exists a unit vector 
v E &’ with JlX(yi)V - v 11 < E for 1 < i < m, then 7c actually has non-trivial invariant vectors. 
(A unit vector v satisfying the preceding condition is said to be s-invariant with respect to the 

Yi.1 

It is obvious from the definitions that there exists a neighborhood U c R(T, Diff l(M)) 

such that for each p E U, the vector S ‘I* E L2 is s-invariant under the unitary representation 
71 corresponding to p. Thus II fixes some unit vector ‘pp E L’(M), and the probability density 
I’pp12 is invariant under p. 0 

Thus Theorem 1.1 implies that there is a neighborhood U c R(T, Diff(M)) (recall that 
we consider the group Diff(M) of C” diffeomorphisms with the C’ topology) of the 
standard action (by orientation-preserving automorphisms of M = T’) such that every 
p E U is smoothly conjugate to a (rational) affine action with standard linear part. As we 
have already observed, H’(T, I?‘) = 0. Thus, by a theorem due to Stowe [27], the set of 

tThe second author is grateful to M. Raghunathan for pointing this out. 
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p E R(T, Diff(M)) with a fixed point (near the origin) also contains a neighborhood of the 
standard action. Corollary 1.2 follows. 

3. CONCLUDING REMARKS 

Zimmer outlined a general program directed at understanding smooth actions of lattices 
in semisimple Lie groups of R-rank > 2 on compact manifolds in his 1986 address to the 

International Congress of Mathematicians [28]. (He had previously conjectured that the 
action of SL(n, Z) on T”, n 2 3, was locally rigid during the conference on ergodic theory, 
differential geometry, and Lie groups in May, 1984, at the Mathematical Sciences Research 
Institute.) Lewis established an infinitesimal rigidity result for subgroups of finite index in 
SL(n, h) acting on T” for n 2 7 in [12]. Hurder obtained rigidity under continuous deforma- 

tions for n 2 3 in [7]. His key contribution was the use of the theorem by Stowe [27]. 
A further developement in that direction which goes beyond actions containing Anosov 

elements is due to Qian [24]. 
The first local rigidity result is due to Katok-Lewis for the standard SL(n, H) action on 

U”, n 2 4 in [8]; subsequectly they extended the technique to obtain global results (again, 
for n 2 4) in [9]. Their method is based on the recovery of an invariant rational structure 
using a combination of hyperbolicity and Stowe’s theorem. 

We recall that the main result (Corollary 2.14) in [9] yields the same conclusion as 
Theorem 1.1, above, but under the alternative hypotheses that p has a finite orbit and with 
some special restrictions on the element y. such that p(yo) is Anosov. (The hyperbolic 
matrix y. is required to preserve a non-trivial rational product structure on Q”, which is 
equivalent to the requirement that p(yo) preserve a non-trivial decomposition of some finite 
cover of U” as a product of compact subtori. It is this condition that leads to the restriction 
n > 4.) Note that the two results are parallel, in that the existence of a finite orbit is 
equivalent to the existence of an invariant atomic measure. 

On the other hand, as we indicated at the outset, the cocycle superrigidity theorem is 
applicable in much greater generality than we have discussed above, and we believe that it 
can be used to overcome some essential limitations of the techniques in [7-91 which are 
based on existence of an invariant rational structure. In particular, this approach is 
applicable in the absence of finite orbits. Very briefly, we will try to describe the main 

obstacles to extending our technique to more general actions (e.g. to obtain local rigidity 
for other non-isometric algebraic examples) as well as some approaches to overcome those 
obstacles. 

First, there is the general problem of determining the algebraic hull of the derivative 
cocycle. It is not at all clear how to use the superrigidity theorem to obtain useful geometric 

information about the action unless this group is semisimple. In the case that the lattice I is 
cocompact, Zimmer shows in [31] that the algebraic hull is reductive with compact center. 
We might hope that this is generally the case, but this has not, as yet, been established. The 
theorem provides definitive information analogous to that summarized in Proposition 2.1, 
(at least directly) only in very special cases; essentially when the dimension n of the compact 
manifold M coincides with the minimum n for which there exist representations 
I + SL(n, Iw) whose image has non-compact closure. R. Feres succeeded in extending this 
approach under somewhat more general hypotheses, cf. [S]. 

Secondly, the requirement that there exists y. E I such that p(yo) is Anosov only makes 
sense in special cases, and must be systematically replaced by more general hypotheses. 
A first successful step in the partially hyperbolic case has been recently made by Nitica and 
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T6r6k [20,21] who developed powerful new analytical techniques allowing to classify 
cocycles with values in the diffeomorphism groups. Note that the examples described in 
[9, Section 41 make it clear that, at least in the most general setting, we cannot hope to 
eliminate the dynamical hypotheses entirely. 

Finally, the argument (based on Lemma 2.5) for passing from a continuous linearizing 
frame to a smooth conjugacy needs to be generalized. A relatively straightforward extension 
to the class of “Cartan actions” has been accomplished in the recent work of Qian L-251. 
More generally, rigidity of hyperbolic actions of higher-rank abelian groups [lo, 1 l] should 
be brought into the play. 
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