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MONOTONE EQUIVALENCE IN ERGODIC THEORY
UDC 517.9+513.88
A. B. KATOK

Abstract. A class of monotonely equivalent automorphisms (standard automorphisms),
which includes all ergodic automorphisms with discrete spectrum and most of the well-known
examples of automorphisms with zero entropy, is studied. The basic results are two necessary
and sufficient conditions for standardness: the first in terms of periodic approximation and
the second in terms of the asymptotic properties of “words’’ arising from a coding of most
trajectories by a finite partition. Also certain monotone invariants are defined and their prop-
erties discussed.

Bibliography: 39 titles.

Introduction

1. Abstract ergodic theory studies the action of groups of automorphisms of measure
spaces or, as is sometimes said, groups of measure-preserving transformations. For such ac-
tions there is a natural, from the intrinsic viewpoint, notion of isomorphism called metric
isomorphism. Namely, actions {Tg} and {Sg}, g € G, of a group G on measure spaces
(X, p) and (Y, v) are called metrically isomorphic if there is an isomorphism R:(X, u) —
(Y, v) such that RT, = S R, g € G. In other words, we can say that under a metric isomor-
phism the invariant measure of the action {Tg} is transformed into the invariant measure of
{S,}, and each (more precisely, almost each) trajectory of { T, } is mapped onto a trajectory
of {Sg} with preservation of the group structure on the trajectory.

It turns out that the complete classification up to metric isomorphism of the actions
of groups, excluding the trivial case of compact groups, is a hopeless problem. In attempting
such classification two kinds of difficulty arise: the invariants turn out to be too many, and
many invariants are difficult or impossible to calculate. A typical case is the group Z; that
is, the group consisting of the powers of a single automorphism (in this case one usually talks
simply of automorphisms), which has been studied most intensively. Here there are remark-
able partial results—the classification of automorphisms with discrete spectrum (von Neu-
mann; see [1])and Bernoulli shifts (Ornstein [2]). However, even on passing to broader
special classes, for example to automorphisms with simple spectrum, or to K-automorphisms,
the problem of metric classification becomes immense.

2. Entirely in the spirit of modern mathematics one tries to replace metric isomor-
phism by some weaker equivalence relation in the hope that the new classification problem
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will prove to be interesting and at the same time solvable completely or in important parts.
One of these equivalence relations, which is prompted by the definition of metric isomor-
phism, is that of trajectory isomorphism, for which it is required that there exist a mapping
R, transforming the measure u to » and the trajectories of { Tg} to the trajectories of {Sg},
but without preserving the group structure on the trajectories. However, this equivalence
relation, at least for sufficiently simple groups G, turns out to be almost vacuous: it pre-
serves only the partition into ergodic components of the action (see [3] and [4]). There-
fore we must look for an equivalence relation weaker than metric isomorphism but stronger
than trajectory isomorphism.

There are some “exotic” groups for which such equivalence relations arise in an ob-
vious way. There is the question of quasi-cyclic groups of the form G = |J)_, Z,,. where
Z,,> Z,,> ...Iisan increasing sequence of cyclic groups. The subgroups Z, form a
filtration in G, and it is natural to consider, for actions of G, trajectory isomorphism which
preserves not only the trajectory partition of G but also the decreasing sequence of parti-
tions { £, } into the trajectories of the actions of Z, . The problem of classification of such
sequences was first taken up by Versik [5]. In a subsequent paper [6], the class of standard
sequences was selected and necessary and sufficient conditions for standardness were formu-
lated in terms of the so-called universal projection operator. In the same place there are
some results on the connection between metric properties of the action of quasi-cyclic
groups and the properties of the decreasing sequence of partitions generated by these actions;
in particular, the nonstandardness of the sequence generated by a Bernoulli action and the
standardness of the sequence generated by an ergodic action with discrete spectrum (cf.
with our Corollary 8.2). We note further the work of Stepin [7], in which it is proved that
for sequences g, bounded in growth, the entropy of the action of quasi-cyclic groups is the
same for two actions generating isomorphic sequences of partitions, and consequently, is-an
invariant for trajectory isomorphism with preservation of filtration.

3. The general idea, which is prompted by the case of quasi-cyclic groups, consists of
the following. Let the group G have some structure (a filtration, a partial order, a topology,
smoothness, etc.). We will regard the actions {Tg} and {Sg} of G on measure spaces (X, u)
and (Y, v) as equivalent if there exists an isomorphic mapping R: X — Y, transforming the
trajectories of { Tg} onto the trajectories of {5, } and preserving the induced structure on
almost each trajectory. It should be noted, in contrast to the case of quasi-cyclic groups,
that in many cases it is not necessary to require that R should be an isomorphism of mea-
sure spaces. Thus in the case of the group Z the natural structure is the order relation, and
if in the above scheme we require that R be one-to-one and transform u to », then the en-
suing equivalence relation will coincide with metric isomorphism. But if we limit the re-
quirement so that R transforms u to a measure absolutely continuous relative to v, then
there arises an interesting equivalence relation which we call monotone equivalence (see
Definition 2.2). This equivalence relation was first introduced more than thirty years ago
by Kakutani [9], in connection with describing the different special representations of a
flow (see Proposition 2.4). The study of ergodic automorphisms from the viewpoint of
monotone equivalence is the main topic of this article. In at least two respects monotone
equivalence turns out to be a more visible equivalence relation than metric isomorphism.
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First, there is a class of monotonely equivalent automorphisms which includes the majority
of the natural examples of automorphisms with zero entropy. Taking account of the anal-
ogy with the case of quasicyclic groups, we call the automorphisms of this class standard
(see Definition 2.5). Second, between the classes of monotonely equivalent automorphisms
we can define a transitive binary relation of majorization (see Definition 2.4); moreover,
the class of standard automorphisms turns out to be the unique one which is majorized by
all the classes (Theorem 1).

We note that the analogous definition of monotone equivalence in the case of flows
(actions of R; see Definition 2.1) appears more natural, since in that case we may take R
to be one-to-one and transforming u to a measure equivalent to ».(!) However, the construc-
tion of a special representation for flows allows us to essentially reduce this case to the case
of automorphisms (see Proposition 2.4). Technically, even, the case of automorphisms is
much simpler, since in this case many difficulties, connected with the necessity to consider
sets of measure zero, are absent.

4. We will systematically use the fact that monotone equivalence for ergodic auto-
morphisms is precisely the strongest equivalence relation which allows metric isomorphism
and also the passage to any derived and special automorphism (Proposition 2.4). This idea,
due to Kakutani {9], has for a long time not been seriously developed. It is true that from
time to time there have appeared papers in which these and other metric invariants of the
passage to derived and special automorphisms have been studied. The most important re-
sult of this kind is the formula of Abramov [10] for the entropy of a derived automorphism,
from which it follows that the property of the entropy of an automorphism being zero, a
positive number or infinity is an invariant of monotone equivalence. Other results are of a
negative character; they show that automorphisms with various metric properties may belong
to any monotone equivalence class. For the property of weak mixing this was proved by
Chacon (11], for mixing by Ornstein and Friedman [12], for the property of having a
proper function with a given proper value X € S! by Hansel [13]. There is a more detailed
survey of similar results in [8], Chapter 6. These results show that the traditional metric
invariants (except entropy) bear no relation to the study of monotone equivalence.

5. In this paper we start a systematic study of monotone equivalence. We introduce
a series of new ideas, the basic one of which is the metric p™ (see (4.2) and (4.3)) in the
space of finite words of elements of a finite alphabet. With the help of this metric are de-
fined the notions of M-triviality (Definitions 9.2 and 9.3) and invariants of entropy type,
and also the @™ -metric for random processes, which has been introduced independently by
Sataev [14] and Feldman [37]. The ideas mentioned form the basis for the creation of a
new technique of working with automorphisms, adapted for the study of monotone equi-
valence. In this paper we are engaged in the study of standard automorphisms. As ex-
plained in subsection 3, this class has great significance, and any detailed investigation of
monotone equivalence must include an analysis of the notion of standardness.

6. The paper consists of 11 sections. The first 4 are of an introductory nature. In
§2 we give the basic definitions and establish the equivalence of various forms of these

(1)In addition, in the case of flows there is a natural (and fruitful) analogue of monotone equiva-
lence in the theory of continuous and smooth dynamical systems. This question is discussed in more
detail in Chapter 6 of the survey (8].
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definitions. In §4 we give the definitions of the metrics p and p™ (o is the well-known
Hamming metric) and list the properties of these metrics which are used later. In §§5-7
the first—approximation—criterion for standardness is proved. In § §8—10 we prove the most
important criterion for standardness (Theorem 4), which is that sufficiently long segments
of the trajectories of most points must, under coding, transform to words which are close
in the metric pM (the property of M-triviality; see Definitions 9.2 and 9.3). If we consider
monotone equivalence as the analogue, for actions of Z, of trajectory isomorphism with
preservation of filtration for actions of quasi-cyclic groups, then this criterion can be inter-
preted as the analogue of Versik’s criterion mentioned in subsection 2. In §10 we also give
some immediate corollaries of Theorem 4. Finally, §11 is of the nature of a survey. In it
we list some less immediate corollaries of the standardness criteria and also mention recent
works of other authors and unsolved problems.

The results of this paper were announced in [16] and [17].

The author discussed many questions relating to this work with A. V. Kocergin and
E. A. Sataev. These discussions assisted in the simplification of a number of proofs. A
summary of lectures given by the author in a seminar at the V. A. Steklov Institute of
Mathematics in the Academy of Sciences of the USSR, made by M. L. Brin, greatly facili-
tated the writing of § §8—10 of this paper. In addition, M. I. Brin made a number of use-
ful remarks of an editorial naturs.

The author expresses his sincere thanks to M. I. Brin, A. V. KocCergin and E. A. Sataev.

§1. Notation and necessary information from ergodic theory

1. Lebesgue spaces and measurable partitions. All the measure spaces considered
here will be assumed to be Lebesgue spaces with a continuous normalized measure. This
means, from the viewpoint of abstract measure theory, that these spaces are indistinguishable
from the interval [0, 1] with Lebesgue measure. All the necessary information on Lebesgue
spaces and their measurable partitions is presented in §1 of Rohlin’s article [18]. Therefore
we will limit ourselves to notation and the description of certain constructions.

The standard notation for a Lebesgue space will be (X, u), where X is a set in which
there is given a measure, and u is that measure. We denote by (X, u) the o-algebra of all
measurable sets in X; and, for a measurable partition £, () denotes the subalgebra of
A(X, w) consisting of all sets which mod O consist of elements of £ (for an explanation of
the term mod O, see [18]). The quotient space of X by the partition £ is denoted X lE'

If &,,£,, .. .are measurable partitions, then we denote the product of the first n of
these partitions by &,- ... &, or\/] &, and the product of all the partitions corresponding-
lyby &, ~ &, ... or\JT &, €x, or simply €, denotes the partition of X coinciding mod O

with the partition into individual points; v, or v, denotes the trivial partition in which the
measure of one of the elements is equal to 1. The notation § < n denotes that A(£) C
A(n). o

A sequence of measurable partitions £, , &,, . . . is called exhaustive if (§,) = AX, p),
where the closure is taken in the metric p: for 4, B C A(X, w), p(4, B) = w(AAB). A sub-
set B CA(X, w), dense in this metric, is called a basis of the o-algebra (X, u). The nota-
tion £, — € means that § is an exhaustive sequence of partitions. If, moreover, &, < §,

< ..., then we will write £, e.
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The direct product of spaces, measures and partitions will be denoted by the symbol x.
The space of nonnegative integer-valued integrable functions on X will be denoted by
LY(X, 1, Z8). Let m € L'(X, p, Z§), m £ 0. We denote

Xny=A{x,s):xeX,s={l, ..., m(x)}}. (1.1)

Further, let A C Xm(_), where for any nautral number s the set A, = {x € X: (x, s) €A}
is measurable, put
o0
RRACH
s‘mdp,
X
and denote by il(Xm(.), Mm(-)) the set of all such A.
Let mE€ LY (X, u, Z§) and n € Ll(Xm(.)« [T Z{). Forx € X we denote

m(x)
(m=n)(x)= 3 n(x,s). (1-3)

Obviously m * n € L'(X, u, Z§).

We will identify X x {1} with X, and therefore will sometimes speak of intersections
XX, 0

Let £ be a measurable partition of X. We denote by £n(-) the partition of X, (- into
all possible setsc, c€E 5=1,2,.. ..

We will sometimes call a function m € LI(X, u, Zg ) a specfunction.

Let A CUAX, u), m(A) > 0 and x, the characteristic function of A. In this case we
identify Xy 4 () with 4, and instead of u, , () and &, () we will write u, and £,.

We will denote the space of almost everywhere positive integrable functions on X by
Li(X, p). For ¢ € L' (X, u), we denote

XP={(x, ), x=X, t=R, 0Lt L))

Further we denote by u¥ the normalized measure induced on X¥ by the measure u x A,
where A is Lebesgue measure on the line.

Let (X, ) and (Y, ») be Lebesgue spaces, and R: X — Y a mapping such that R4
C UX, p) for 4 C A(Y, v). Then we can define a measure R, 1 on (Y, v) by putting

Rp(A) =u(RA).

2. Automorphisms of Lebesgue spaces. The basic definitions regarding automorphisms
can be found in §3 of [18]. We, as a rule, will denote automorphisms of Lebesgue spaces
by the symbols T and S with various indices. If T and § are metrically isomorphic we will
write T~ S.

A measurable partition & is called an invariant partition for T if T(§) = A(§). In this
case there is a quotient automorphism defined on XlE which we denote by TIE. Let k be
a natural number. The partition \/l'.‘;; Tt will be denoted £%., or simply £*, and the parti-
tion V", Tiz will be denoted by £,. A partition £ is called a generator (or generating) if
Er=e.
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To each automorphism T (X, &) — (X, u) and specfunction m € L1(X, u, Z;')' ) there
corresponds an automorphism

Togy: (Xmeys  Bmy) = (X Benc),

which is defined in the following way:

T (¢ s):{(x, s+1), if s<mx), '
mRT (Ti(")x, 1), where i (x)=min {i >0:m (T'x) >0}, if s=m(x). (1.4

Obviously, for m € L'(X, u, Z{) and n € Ll(Xm(.), By Z;)") we have (T, )) ) =
T, , n(-)» Where man is defined by (1.3). If m = x,, where 4 C¥(X, p), then instead of
Ty 4 we will write T,. We may suppose that T, acts on 4 and, by virtue of (1.4), T4x
= T"®)x, where i(x) = min{i > 0: T'x € A}. The automorphism T, is called the derived
(or induced) automorphism of T on the set A.

If m(x) > O for almost all x € X, then the automorphism T, 1s called the special
automorphism over T constructed relative to m.

We quote two classical results of ergodic theory which will be used repeatedly in

what follows.

THE HALMOS-ROHLIN LEMMA ON UNIFORM APPROXIMATION (see [1], p. 75). Let
T: (X, p) — (X, p) be an aperiodic automorphism; that is, the measure of the set of per-
iodic points of T is zero. Then for any natural number n and any € > O there is a measur-
ableset A = A,  suchthat ANT'A=g,i=1,...,n—1,and p(Ji=y T'4)>1-e.

THE ErRGopIC THEOREM. Let A C U(X, w), and let T be an automorphism. The se-
quence of functions

1 n-1 )
— ?;‘Jo xa(T'x)

converges to some function
a) in measure,
b) almost everywhere.

Assertion a) is a simple fact and follows, for example, from the statistical ergodic
theorem of von Neumann (see {1], p. 16). Assertion b) is one of the forms of Birkhoff’s
individual ergodic theorem (see [1], p. 18), which has proved to be considerably more
complex than the von Neumann theorem. Everywhere in this article, where the ergodic
theorem is applied, only the convergence in measure is used. However, for the proof of
standardness of group extensions of standard automorphisms (see §11), the almost every-
where convergence is used.

An automorphism T is called ergodic if any measurable set invariant relative to T has
measure O or 1.

3. Automorphisms with discrete spectrum. For f€ L*(X, u) we denote

(Urf) (%) =F(Tx).
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Obviously Uy is a unitary operator on L2(X, u). All the spectral characteristics of U, are
ascribed to T; that is, we speak of proper functions, proper values, spectral types of auto-
morphisms, of automorphisms with discrete spectrum, etc.

We denote by PV(T) the set of proper values of T. If T is ergodic, then PV(T) is a
subgroup of the circle S! = {A € C, I\l = 1}. Let A be a subgroup of PV(T). We denote
by G(A) the group of all proper functions, of modulus 1, with proper values in A. The
linear hull of G(A) consists of all functions constant on the elements of a certain partition,
which we denote by n(A). If

A=Zq={exp 2—m—’3,pel},
q
then
NA)={A, ..., A, Ay=Ay), TA=Ay, i=0,1, ..., ¢g—1.

VON NEUMANN’S THEOREM on automorphisms with discrete spectrum (see [1], pp.
46-50). Let T be a countable subgroup of S'. There is a unique, up to metric isomor-
phism, ergodic automorphism T with discrete spectrum for which PV(T) = I". As such an
automorphism we may take a transformation of the character group I'* of the discrete
group T, preserving Haar measure, and consisting of multiplication of each character g €
T* by the character iy, where ip(y) = v,y €T.

Let Q be the group of all roots of 1; that is,
ﬁ={exp-2—@3, pge Z} :
q

An ergodic automorphism with discrete spectrum for which PV(T) C 6 will be called an
automorphism with rational spectrum. Since any infinite subgroup I' C 6 has the form I
= U7 Z,, . where q, =r; . ..-r, (such a representation is clearly not unique), it fol-
lows that the group I'*, which we denote by Z r, }» is an inverse (projective) limit of
groups Z3 ~ Z, . In particular, the group Z; 3 corresponding to the sequence r,, = r is
the multiplicative group of r-adic integers.

We denote Dy, 1}: Z(, } — Z{, }. where D{, }g =iy zZq, & and let m: Z(, }
— Zj, be the natural projection. Obviously the partition 0, = nzl(e) coincides with
n(an); moreover, the sequence of partitions {n,}, n = 1,2, ..., is increasing and ex-
haustive.

ProposITION 1.1. Let T: (X, u) — (X, u) be an ergodic automorphism. Suppose

that {n,}, n=1,2,...,1s an increasing exhaustive sequence of invariant partitions for T,
where n,, consists of q, =ry" . .. r, elements of positive measure. Then T ~ D{, 1 and
n, = n(Zq”)'

ProOOF. From the ergodicity of T and the invariance of 7, it follows that T cy-
clically permutes the elements of 1, and consequently all these elements have the same
measure. Therefore the proper values of U, in the invariant subspace of functions con-
stant on the elements of 5, form the group an. Since the sequence 7, is exhaustive, T
has discrete spectrum and PV(T) = (J7 Z, .. By von Neumann’s theorem on discrete
spectrum, T ~ D{ ra}-
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We note that the proof of the proposition could be completed without reference to
von Neumann’s theorem, since, in the case of rational spectrum, metric isomorphism can be
quite simply deduced from spectral isomorphism.

We denote by D the automorphism with rational spectrum for which PV(D) = 6
The character group of Q is called the group of integer ideals. We will denote the group
by Z. Itis easy to show that Z= ZA(,,’ y = Z{,,.}> where p is the product of the first n
primes. It is indeed the latter representation we will have in mind later when we consider
the partitions n,, for D.

4. Flows and special representations. For the basic definitions and results concerning
flows, see [19], §1. By flow we will always mean measurable flow on a Lebesgue space.
Flows will as a rule be denoted by the symbols {7,} or {S,}, with various additional in-
dices; metric isomorphism of flows {7, } and {S,} will be denoted {7,} ~ {S,}. Let T:
(X, #) — (X, 1) be an automorphism and ¢ € L1 (X, ). In the Lebesgue space (X¥, u¥)
there is defined a flow called the special flow constructed relative to T and ¢ (see [19]). A
flow {T,} is called ergodic if any set invariant mod O relative to each automorphism T, ¢
€ R, has measure 0 or 1. The theorem on special representations for ergodic flows asserts
that any such flow is metrically isomorphic to a special flow constructed relative to some
ergodic automorphism 7 and some function ¢.

In this article we barely touch on the case of flows. Using Proposition 2.4, the
reader can easily deduce corollaries, relating to flows, of the results on automorphisms
proved in this paper, even if this is not done in the text.

§2. Monotone equivalence
1. DeFINITION 2.1. Flows {7,} and {S,}, acting on Lebesgue spaces (X, , u;) and
(X,, uy) respectively, are called monotonely equivalent if there is a one-to-one mod 0
measurable mapping R: X; — X, with the following properties:
2.1.1. The measure R,u, is equivalent to u,.
2.1.2. Foralmostall x €X, and all t €R

RT,)C:S.N:, x)Rx

where ¢(f, x) is a monotone increasing function of ¢
If flows {S,} and {7,} are monotonely equivalent, we will write {S,} i {1,}.
Property 2.1.2 means that the trajectories of {T,} are mapped onto the trajectories
of {S,} with preservation of the natural order relation on the trajectories. Since Ty, 1., =
Ty, - T,z, for all #,, t, € R and almost all x € X, o(z, x) satisfies

q)(t1 + s, x):cp(tl, X)+(P(f2, Ttlx)- 2.1)

For y € X, and ¢ € R we denote Y(f, y) = ¥(t, Rx). Then the flow {S,} = {RT,R™*}

on X,, preserving Ryu, and metrically isomorphic to {7, }, has the same trajectories as
{S,} and can be written in the form S,y = S, @y It follows from (2.1) that, for almost
all y,  satisfies

P (tl + tz’ y) =1 (tp y) -+ ‘P (fzv Stb(tl,y)y)- (2-2)
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It can be shown that Y for almost all y (which means also ¢ for almost all x) is absolutely
continuous relative to £. Therefore we say that {S‘t} is obtained from {S,} by an absolutely
continuous time change. Therefore Definition 2.1. may be formulated as follows:

Flows {7,} and {S,} are monotonely equivalent if {7} is metrically isomorphic to a
flow which is obtained from {S,} by an absolutely continuous time change.

The following assertion obviously follows from Definition 2.1.

ProposiTION 2.1.  The relation of monotone equivalence is reflexive, symmetric and
transitive.

PropOSITION 2.2. Special flows {T1} and {T¥2} over the same automorphism are
monotonely equivalent.

PrOOF. Let (y, 5) € X¥1. Put R(y, s) = (y, s¢,(¥)/¢,(¥)). Obviously RX¥1 =
X?2, Ruu?1 = (9, /p,)u¥2, and condition 2.1.2 is satisfied. Moreover, ¢ is piecewise
smooth relative to 7.

The partition into ergodic components is preserved under monotone equivalence. In
order to avoid minor complications, due to the fact that nonergodic flows cannot always be
represented in the form of a special flow over an automorphism of a space with finite mea-
sure, we will in what follows restrict ourselves to the case of ergodic flows.

Prorosition 2.3. Monotorely equivalent ergodic flows are metrically isomorphic to
special flows over the same automorphism. If the ergodic flows {T,} and {S,} are mono-
tonely equivalent, then the mapping R may be chosen so that, for almost all x, € X, the
restriction o(x, t)I{ o } xR &es a diffeomorphism R — R.

ProoF.1°. By the theorem on special representations {S,} is isomorphic to a special
flow { Tf’ } over some automorphism 7. Then {T,} M r Tt‘*” }. We consider the measurable,
relative to u¥ and Ry (R is the mapping of X| to X ¥ which establishes the isomorphism
of {S,} and {Tt‘” 1), partition £, of XV into segments cf ={x} x [0, Y(x)], x €EX. By
property 2.1.2 almost every segment ci is a segment of a trajectory of{f’t} = {RTtR"1 1
moreover, c"T’x immediately follows ci in the trajectory. The length 7(x) of a segment ci’
of a trajectory of{f‘t} is defined by the equation ¢(7(x), R™'x) = ¥(x), and therefore is a
measurable function. We define a mapping U: X¥ — X7, putting U(x, 5) = (x, 0(x, 5)),
where 0(x, 5) is the solution of w(8(x, 5), R"'x) =5, 0 < 5 < ¢(x). Obviously UT, =T7U,
and consequently {URTt(UR)"1 } ={T7}. It remains only to prove that (UR),u; = u'.
By the ergodicity of {T,} and {7} } it is sufficient to prove the equivalence of these mea-
sures. The measures induced by these measures in X T'ET are equivalent by 2.1.1 and the
definition of U. The conditional measures of both measures on each segment c], have the
form ds/7(x), since both measures are invariant relative to {77 }. Thus the first part of the
proposition is proved.

2°. It is obviously sufficient to prove the second part of the proposition for special
flows {T¥1} and {72} over an ergodic automorphism 7. We may suppose that ¢,, ¢, >
C > 0 almost everywhere, since otherwise {T¥1} and {7¥2} may be represented as special
flows over the induced automorphism Tye where A ={x €EX: ¢, (x) 2 C, p,(x) = C},
and (' is chosen so that u(4.) > 0.
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Let p(t, a, §) be a C”-function defined fort, o, ER, = C, =2 Cand 0< ¢ <q,
and having the following properties:

1. p(0, a, B) =0.

2. p(oc, o, ﬁ) =§.

ap (ty a, B) 25—(:
3. at > 200e — 100C *

4. 9p(t, o, B)fot=1for0<¢t<C/Adanda-CA<r<a.
It is not difficult to explicitly construct such a function. Fix « and 8, and denote by
Kq g(2) the function inverse to p(¢, @, B). For (x, 5) € X¥1 put

R{x, s) =(x, p(s, @:1(X), g(x)).

By properties 1, 2 and 3, R is a one-to-one mapping of X¥1 onto X*¥2; moreover,

0%, 0,000 ()

e,
0s t

R.H¢l =

By properties 3 and 4, each trajectory of {771} is diffeomorphically mapped onto a tra-
jectory of { T;"2 }.

2. DeFINITION 2.2.  Ergodic automorphisms 7" and S of Lebesgue spaces (X, u,) and
(X,, u,), respectively, are called monotonely equivalent if there exists a measurable mapping
R: X, — X, with the following properties:

2.2.1. For almost all x € X,, the inverse image R™!x consists of not more than a
finite number of points.

2.2.2. The measure R,u, is absolutely continuous relative to i,.

2.2.3. For almost all x € X, RT(x) = §*)Rx, where n(x) is a nonnegative measur-
able function.

As in the case of flows, monotone equivalence of 7 and S will be denoted T4 S. A
property of automorphisms or flows will be called monotonely invariant, or a monotone
invariant, if all monotonely equivalent automorphisms or flows either simultaneously possess
the property or do not possess it.

Properties 2.2.1 and 2.2.3 mean that the trajectories of T are mapped to the trajector-
ies of § with preservation of order in the trajectory; moreover, “gluing”, when a finite seg-
ment of the trajectory of T is transformed to one point, and “gaps”, when nothing is map-
ped onto some segment of the trajectory of S, are possible.

ProrosiTiON 24. Let T and S be ergodic automorphisms. The following three as-
sertions are equivalent:

1. T%s.

2. There is a function m € L*(X,, u,, Z3) such that T ~ S (-

3. There are positive functions ¢; € LI(XI., W), i =1, 2, such that {11} ~
{s21.(%)

ProOF. We derive 2 from 1. Let T# S. Fory € X, we put m(y) = IR"!pl, and
we shall prove that T~ S, . Indeed, we define a mapping R: X, — (X2)m(-) by putting
for x € X,

(2)The equivalence of 2 and 3 was first proved by Kakutani {9].
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Ry = (Rx, max {i: RT 'y = Rx)).

It follows from the definition of m(y) that R is a one-to-one mod 0 mapping. From 2.2.3
and (1.4) it follows that Sm(,)li = RT. Finally from 2.2.2 and the ergodicity of S it follows
that R*/Jl = (#2)m(‘)' o

We derive 1 from 2. For this it is sufficient to show that Sy ™~ S for §: (X, w) — (X,
). For (x, s) € X,, ) we put R(x, 5) = x. Condition 2.2.1 follows from Poincaré’s recurrence
theorem. Condition 2.2.2 is obvious from the fact that m € L1(X, w); finally, condition
2.2.3 follows from the definition of R.

We derive 3 from 2. If m(x) 2 1, then obviously

(ST} ~ {(Smey)t)-

The general case reduces to this, since the automorphisms S and S () are special over a
common derived automorphism S, 1 ©)°
Finally, let 3 be satisfied. By Propositions 2.2 and 2.3, any special flow over T is iso-
morphic to some special flow over S; in particular, {T tl} ~ {St‘” 1.
Let U: X} — X¥ and UT! =SYU, t € R. For almost all 5 € [0, 1] the image 4, €
X;p of the segment {s} x X, is well defined, and for almost all y € X, the number m(y) of
points of intersection of A with c}‘f’ is well defined. Obviously m(y) is a measurable func-

tion and m(y) < Y(») + 1; therefore m € LY (X, 1y, Z3). Let

AS ﬂ C}/b = {(yv ‘0.1 (!/)), ceey (y! pm(y) (y))}v

where p, () <+ - < pm(y)(y). Obviously, p(y) (i = 1, . . ., m(y)) are measurable func-
tions defined on measurable subsets of X,. On the set A there is a successor mapping, in-
duced by {S;l’ } and preserving the induced measure. This mapping is isomorphic both to
T (by the well-defined restriction U™! lAs)’ and to S, ) by the mapping V: 4; — Xm(,),
where V(y, p,(¥)) = (v, i). The proposition is proved.

COROLLARY 2.1. The relation of monotone equivalence is reflexive, symmetric and
transitive.

Our basic working criterion for monotone equivalence will be property 2. Property 3
is very useful for deducing corollaries for flows from results about automorphisms. How-
ever, both these properties are attached to a specific one-dimensional situation (actions of Z
or R) and cannot be immediately carried over to the case of more general group actions (for
example Z” or R™). On the other hand, property 1 can be generalized. We limit ourselves
to the case of Z™ (lattices) and give the corresponding definition, which, in particular, allows
the introduction in this case of the notions of “derived” and “special” actions.

DEFINITION 23. Let {T¥1 - .- T¥m}and {SFt-.. -Skm} (k,,... k)€
Z™, be two ergodic actions of Z™ by automorphisms of Lebesgue spaces (X, u,) and (X,,
) respectively. These actions are called monotonely equivalent if there exists a measurable
mapping R: X, — X, satisfying conditions 2.2.1, 2.2.2 and

2.3.1. For almost all x € X, R(Tjx) = S'l"i(x) . -S"m’}n(x)Rx, where the n;I(x), ij=
1, ..., m, are nonnegative measurable functions.
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If we do not make a distinction between metrically isomorphic actions, then we can

say that the action {S’lc ... S,’;{'I} is derived from the action { T{‘ ... T,’,‘{"} (respectively,
special over this action), if mod O we have RX; = X, (respectively, mod 0, R"lex2 =
GXI).

Whereas, in condition 2.2.3, n(x) may be an arbitrary measurable function with given
nonnegative values, the functions n;:(x) in 2.3.1 are connected by the following relations
which follow from the commutativity of the automorphisms 7;:

1 (T jx) —nfy (x) = nj (Tix)—nj (x),
i)j’k21121 s ey ML

We will not stop to give any more details on the actions of Z™ in this paper.

3. Between classes of monotonely equivalent automorphisms we can introduce a bi-
nary relation which, in a sense, compares the “complexity” of automorphisms.

DeFINITION 2.4. An automorphism T majorizes an automorphism S if there is an
automorphism T, M T having an invariant measurable partition £ such that T, lE s In
this case we will write 7> S. Obviously if 7, ¥ 7,, 8, X S, and T, > §,, then T, > 5,.

PROPOSITION 2.5. If T > 8, then there exists an automorphism T, M T with an in-
variant measurable partition n such that T, ln ~S.

Proo¥. Let T, and § act in spaces X, and X, respectively. We have the following
diagram:

. Sy S
1"\/2)m(-) - (XZ)m(-) T ZJB

Here S = (Sm(,))k(,). Putk = k - R - m. Obviously (T, ),;(_) has a quotient automorphism
isomorphic to (Sm(_))k(_) =S.

The relation > is transitive, but unfortunately it is unknown whether it is a partial
order relation on monotone equivalence classes. If this is so, then it will follow that weakly
isomorphic (in the sense of Sinai [20]) automorphisms are monotonely equivalent.

PROPOSITION 2.6. Any ergodic automorphism T majorizes any automorphism D{, }
(see §1.3).

Proor. We will apply the Halmos-Rohlin Lemma (see §1.2) inductively. First we
construct a set A; such that

L
T4

T'ANA =0, i=1, ..., n—1L p{A)>

?
n
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and put

r-1

B,= TA.
i=0

Then we apply the Halmos-Rohlin lemma to T4, to construct a set A, C A, such that

. e
qulAZ(}AZ:@’ 1:17 BRI rlrzﬁ_lv I“’(AZ)}_—“_’
s

and put

rir2—

1 .
B,= U T4,
=0

etc. In the limit we obtain a set B = n;" B, u(B) = %, and an increasing sequence of in-
variant, relative to T, partitions n,, = {TiAk NB,i=0,1,...,r;~... 1, — 1} Wede-
note n = lim n,. By Proposition 1.1,

TB I-r] -~ Di’n)'

4. DEFINITION 2.5. An automorphism T is called standard if T D. A flow {T,}
is called standard if {T,} M {D;}.

The standard automorphisms are the basic objects of study in this paper. The follow-
ing theorem shows, from the viewpoint of “complexity” presented in the previous subsec-
tion, that the standard automorphisms, and only they, are very simple.

THEOREM 1. In order that an automorphism S be standard it is necessary and suffi-
cient that any ergodic automorphism majorizes S.

The proof rests upon the following assertion, which follows from Theorem 4 (see §10).

CoRrROLLARY 10.1. A gquotient automorphism of a standard automorphism relative to
any infinite invariant measurable partition is a standard automorphism.

PRrROOF OF THE THEOREM. By Proposition 2.6 any ergodic automorphism majorizes
any standard automorphism. Now let S be majorized by any ergodic automorphism. Then,
in particular, D > §, and by Proposition 2.5 there is a standard automorphism T such that
S is metrically isomorphic to a quotient automorphism of 7. But then § is standard by the
corollary of Theorem 10.1.

Definition 2.4, Propositions 2.5 and 2.6, and Theorem 1 carry over in a natural and
rather obvious way to the case of flows.

83. Homological equations
1. There are important sufficient conditions for metric isomorphism for monotonely
equivalent automorphisms and flows. These conditions correspond to the case when the
isomorphism preserves the trajectories of the automorphism on the base.

ProrosiTION 3.1. Let T: (X, p) — (X, ) be an automorphism (not necessarily er-
godic), and let my, m, € LY(X, u, Zg ). If there is an integer-valued measurable function h
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such that
my (x)—m, (x) = h (Tx)—h (x), 3.1
then Ty () ~ Ty
Proor. Letx € X and m(x) > 0. We denote
ny(x)=min{n >0: m, (T"x) == 0}. (3.2)
It is obvious that almost everywhere n,(x) < e. Further, let
p(x) =T, (x, 1).
By (3.2),
(T"9x, 1)=Tm (x, 1),

and from (3.2) and (3.1) it follows that

ny(x)-1

my (%) +h (THPx) = > my (T x) -k (x).
i=0
Thus
ny(x)-1 .
X maTin)
p (Tn,(x)x) . m:(=-)o p ()C) (33)

We denote by J(x) the segment of the trajectory of T, 1 from p(x) to T,',,ll(.)p(T"l(x )x).

it follows from (3.3) that the sets J(x) are pairwise disjoint and cover almost all X,,, 1)
and that the partition of X,, | () into these sets is measurable.
We denote

fly (x) = min {n > 0: m, (T"x) =0}
and define a mapping U: Xp, | () — X, () by putting for x € X in the set J(x)

UTL o0 (£) = Th, (T™9x, 1),
(34)

ny(x)-1 )
i=0, ..., ( 3 m2(T‘x))—1.

j=0
It follows from (3.3) and (3.4) that UT, () = Tn,(HU. The measurability of U is ob-
vious from the fact that all the functions in the definition of J(x) and in (3.4) are mea-
surable. Finally, it is not difficult to show that Ustip, () = Mmy(-)-

ProrosiTion 32. Let T: (X, u) — (X, p) be an automorphism, and let ¢, , ¢, €
L:_(X, ). If there exists a real measurable function h such that
Py () —, (1) =k (Tx)—h (), (3.5)
then {Tf1} ~ {T¥2}.
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Proor. Since this fact is well known we will restrict ourselves to the construction
of a mapping U: X¥1 — X¥2 establishing an isomorphism of the special flows. Namely,
for x € X put

@slx)
J(x)= tg; {T Rt (x, 0).

By virtue of (3.5), the end of J(x) coincides with the beginning of J(Tx). Put
UTRnse (6, 0)=(x, 1), xeX, 0Kt< (%)

Obviously UT¥1 = T¥2U. The verification of one-to-oneness, measurability and preserva-
tion of measures for U we leave to the reader.

If for functions m,, m, € L'(X, u, Z3) (respectively ¢, , ¢, € L} (X, u)) the equality
(3.1) is satisfied for some integer-valued (respectively (3.5) with some real-valued) measur-
able function h, then we will say that m, and m, are Z-homologous (respectively, ¢, and
¢, are R-homologous) over T.

Propositions 3.1 and 3.2 play an important role in the study of monotone equivalence,
since they show how, without loss of generality, one can replace a specfunction by another
which is simpler or, in some sense, more convenient.

A. V. Kocergin, at the request of the author, has proved a series of assertions on equa-
tions of the form (3.1) and (3.5), from which follows the possibility of certain changes of
such a kind. We quote some of his results (see [21]).

PROPOSITION 33. Let m; € LY(X, u, Z§) and B = [y m,dy, and let T: (X, u) —
(X, u) be an automorphism.

1) If B is not an integer, then m, is Z-homologous over T to a function taking the
values [] and [B] + 1.

2) If B is an integer, then for any € > O there is a function m, taking the values § —
1,8, 8+ 1, and such that Im, - ﬁllLl <€, which is Z-homologous over T to m,.

3) fmELYX, u, 2}), A C X and [, mdu < P, then m, is Z-homologous over T
to a bounded function m,, coinciding with m on A.

PROPOSITION 34. Let ¢, € LL(X, u) and B = [ m, du, and let T: (X, u) — (X, 1)
be an automorphism.
1) Forany € > 0, v, is R-homologous over T to some function ¢, such that

ess supy | p,—B| <e.

) Ife€LYNX, 1), A C X and [ vdu <@, then ¢, is Rhomologous over T to some
function ¢,, bounded outside A, and coinciding with ¢ on A.

3) If X is a compact metric space, (. Borel, A closed and ¢ continuous on A, then
@, in 1) and 2) can be chosen to be continuous.

DEFINITION 3.1. Let T and S be ergodic automorphisms, and let 8 > 0. The auto-
morphism S is §-monotonely connected with T if § ~ T, (> where [ mdu = §.

Similarly, an ergodic flow {S,} is f-monotonely connected with {T,} if {S,} ~ {T¥}
and {T,} ~{TV}, where f o =B [ .
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Propositions 3.1 and 3.3 imply the following:

COROLLARY 3.1. Let S be -monotonely connected with T.

1. If § <1, then S is metrically isomorphic to a derived automorphism of T on some
set of measure §.

2. If 8> 1, then S is metrically isomorphic to a special automorphism over T, where
the specfunction m takes the values [B] and [8] + 1 if B is not an integer, and 8 — 1, B and
B + 1if Bis an integer; and [ mdu = 8.

3. If B = 1, then for any € > 0 there is a function m such that S ~ Tm(.), where m
takes the values 0, 1, 2 and Im — 1l | <e.

84. Metrics in sequence spaces

1. Let NV and n be natural numbers. We denote

QN,n={(m0v ey mn—l): (O[E{l, 21 LR ] N}’ i=0' 1’ et N_l}’

Qv =A(-., Oy Og @y, ...): 0;(1, ..., N}, i L},
T, Sy —> 8y , is the natural projection, 7 (. . . , w_;, Wy, W, - - . ) = (W,
w,_y). Forw €8y, andj=1,...,N,put
n-1
n, ((D):Z 5,'(0],
i=0

where &, is the Kronecker delta.

We define two metrics, o7 and p™, in the spaces 0y , which (particularly the latter)
will play an important role later. Let w = (wg, . . ., @, ;) and @ = (@q, - - - , W,_y),
w,wE N Noa: Put

PH (o, 6):—"1-51(1—50@). 4.1)

=0

In other words, o™ (w, @) is equal to the frequency of noncoincident coordinates in
w and @. Formula (4.1) gives a metric on Q. This is known in probability and infor-
mation theory as the Hamming metric, and has also been widely used in ergodic theory (see,
for example, [¢] and [?2]).

For w € Q)  we denote by B(w) the subset of Qp p—1 Y 8y .4 consisting of
those elements of QN,H_I which can be obtained from w by crossing out a coordinate, and
those elements of 2, ., which can be obtained from w by adding one of the symbols
1,...,N,in any position (front, middle or end). For w € &  and @ € Qy ., put

O (@, ®) =min{k: there exist ©©®, ..., o® & |J Q). (4.2)
=1

In other words, if we call the deletion or insertion of a symbol in w an elementary
M-operation, then O™ (w, &) is equal to the minimal number of sequences of elementary
M-operations which it is necessary to apply in order to obtain w from w. Obviously (4.2)
gives a metric onl{J, =, Qy ,. Normalizing this metric, we obtain a convenient metric on
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each Qp - For w, @ € Qy ,, we put
oM (@, ©) =— 0" (0, o). 4.3)

We note that by a similar procedure we can also describe p™, if we say that an elementary
H-operation is a replacement of any coordinate w; by any of the symbols 1, ... ,N. Ob-
viously pM(w, W) < pH(w, ).

Forr>0and w € Qy , Bf’(w) and B’,”(w) denote the closed spheres in Q2 , of
radius r and center w in the metrics pf and p™ respectively.

Let w=(wg,...,w, )€ SZN,,, and @ = (@g, .. ., W, 1) E QN,m. We denote

0*0= (00, . . ., On-1, Vg, - -+, Om_1) EQN, nim.

The following inequalities follow immediately from the definitions:
If 0, w® ey and &, 53 €y ., then

P (0P % @, 0@ 0P) = 1 pH (@0, @)+ —"— o @D, o), (44)
m-+4n m-+4n

" (0"« 0, 0% x o) L T pM (00, 0®) + - oM (®, 0®);  45)
m-n m-+n

If 0 € Qy ,; and @D € Qpy 1y, i = 1, 2, then

0" (0 0%, 6« 2%) < 0" (@Y, @)+ 0" @V, 3®),  (46)
0 (@™ & 0¥, 0@ x 0®) = min 0" (@, 0)+0" @2, @)). “*7)
0,0 : 0¥o=0xe(2)
Let w € Q) ,,and k be a natural number. We denote
ofF=0% ... *0.
k times
Let kK <n. Using the lexicographic ordering in £, ., we define a mapping Q:: Qy
— ‘QN P

N

,a-k+1’
k
Qn (0)07 LR ] mn—l) = ((k)m()v A | (k)mfl—k)’
where
B1
i .
(k)mi.—_miir}} N (©u;—1), =0, ..., n—k. (4.8)
i=1

Each elementary H-operation or M-operation over w € 2 generates a certain trans-
formation of Qﬁw. In the case of H-operations this transformation can be represented in
the form of not more than k elementary H-operations in QNk’n_“_ 1» and in the case of M-
operations, in the form of a composition of not more than 2k + 1 elementary M-operations.
Hence the following inequalities hold:

o7 (Qfo, Qfo) < —1E
n—k-11

i

" (0, ©), 4.9)
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- — 4.10
o™ (Qko, Qhw) < (2k+1) 0™ (0, ®). (4.10)
— 2k 41
P (@lo, Q) < ML 0¥ (@, 0). “.11)
We define a mapping Kjlf,: Quk , 7 Oy ke If
k-1
o= (0)0, e, D) E QNk,n’ W; =00+ 2 Ni (ai,f'— 1),
j=1
we put
KIkV ((1)) - (ao,o» AR ] ao,k—lr al,oy sy al,k—ly sy an,m sy aﬂ,k-—l)'
Obviously
o (Kio, Kho) < o7 (0, ®), 4.12)
M (Kho, Kio) < 0" (0, @), (4.13)
2. Leti={c),..., g} be a finite ordered measurable partition of (X, u), and T
an automorphism of (X, u). Let T'x € Cryx)» i € L.
We define a mapping Oret X — QlEI by putting
PreX = (.., R_y (%), ko(x), By (x), ...). (4.14)

The mapping ¢ . is sometimes called a coding of the automorphism by £, and the pair (7,
§) itself is called a random process. We also denote gp’},g =7, ° ¢y . The image np’}’gx is
called the (7, £)-name of x. We denote
Ure = (Prg i,  pre = (@72, 0.
Obviously
Pre{(@o -y @R} =R (Co, ) T7%, N ... N T ™e,,.).
We will point out some simple relations between the codings of an automorphism

relative to different partitions. Let the elements of £ be lexicographically ordered. Then

(P;_Ekkﬂ _ Qn o (PT £ (415)

If we amalgamate (4.15) with (4.9) and (4.11), we obtain without difficulty that

n- k
o (@i, Oy < —— = o™ (97.4x, PT.29), (4.16)
M, n-k+1 n-k+1 n(2k4-1) M n n 4.17)
P ((pr ak X, (PTE y) ———k——H ((PT,Exa (PT.é!/)-
Let ¢l = Inl,n ={d,, ... ,dig }. We denote B = Ullsl(ci A d;). It is obvious that for

xeX

15 ;
O (OF,5%, PFax) = - > As (T'x). (4.18)
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LEMMA 4.1. Let T be ergodic. Then for almost all x € X
im e" (@7 %, ¢F 4x) = p (B).
n—-00

The lemma follows at once from (4.18) and the Birkhoff ergodic theorem.
We denote by R: Qp , — Qp , the cyclic shift

R(@g © --v) Opeg)=(®), ..., Ony, W)

Obviously fors €Z, w € Qy,andx €X

P (R, o)< L (4.19)
n
o™ (@F5 (T°%), R'0) < 07 (¢f.0x, @)+ 2L (4.20)
n
From (4.19) and (4.20) we obtain
oM (9t.e (T°x), 9F.e%) < l-:“ . (4.21)

Suppose we have a mapping

K
(14 QN;.I_) U QN,,m
n=0

where £, o = ¢, This mapping induces a mapping
— oo <3
ag: U QNl.n‘_* U QNS:"
n=1 n=0
by the following rule:
(@ -..r On)=0 (@) %0 (@) * ... *0 (@)

If OM(w™), w(?)) = 1, then, obviously,

0" (6 (@), 0 (@) < K
and therefore, by induction,
0™ (G (0®), T (0®)) < KOM (@, o®). (4.22)

Lett={c,,...,cy},and letm e LY (X, u, ZaL) be constant on the elements of §
and take value m; on c;, where max, ;. m; < K. Then the passage from the coding of
T by £ to the coding of Tm(,) by

gm(») = {Clx{l}r ceny ClX{ml}' CZX{1}9
oy CeX{my}, .., oy X ALY, ..., ey X {mp}}

is described by the mapping o, where



118 A. B. KATOK

G(l)~(l +§‘lm,, R

l*

n!\/~
\_,/
=

N
o: 9N1—>U QN ks Z

§5. Automorphisms with rational spectrum

In the next three sections we successively prove the standardness of automorphisms
satisfying three progressively weaker properties of periodic approximation--rational spectrum,
good approximation and monotone approximation. The basic result is that the last of these
properties is necessary and sufficient for standardness. First we will prove the monotone
equivalence of an automorphism with rational spectrum and the automorphism D (§5),
then the monotone equivalence of any automorphism admitting a good approximation and
some automorphism with rational spectrum (§6), and, finally, the monotone equivalence of
any automorphism admitting a monotone approximation and some automorphism admitting
a good approximation (§7). In §7 we also prove the monotone invariance of the property

of monotone approximation.

ProrosiTioN 5.1. 1. Ifaset 4 CZ{, 1 consists of elements of some partition n,,,,
then the derived automorphism D, is metrically isomorphic to D.
2. Ifn: Z{ P San Z™ is constant on the elements of some partition n,, , then the

special automorphism D, .y is metrically isomorphic to D.

Proor. 1. Let 4 consist of k elements of 1, . Then, by Proposition 1.1, D, ~
D(y,ys wherer, =kandr, =p,,,._,,n=2,3,.... We will prove that PV(D,) = Q
In fact,

- oo = oo ~
QO PV (Ds) Dnlil Zk'Pm+1"‘Pm+n = ngl me+1"'Pm+u :)ngl ZP:"'Pn =Q.

2. We denote
Rl=p - ... pm 5 n(x)dXx.
Z{pn}
Obviously & is an integer. By Proposition 1.1, D.y ~D{r. where, as above,r; = k and
2w =Ppym—1>1 = 2,3, ... . The proposition is proved.
PROPOSITION 5.2. Let {r, Ln=1,2,..., beany sequence of natural numbers greater

than 1, and let 0 < § < 1. Then the following assertions are true:

1. There is a set B C Z{, 1} such that u(B) = B and Dg ~ D[, }.

2. There is a function n: Z{,, }— Z* such that fZ{p,, }n(x)dx = 1 and D, ~
D}

Proor. We limit ourselves to a detailed proof of the first assertion, since the second
assertion is proved similarly.

We will construct B in the form B = (4 B,,, where By O B; D B, O - - - . The sets
B, will be constructed inductively so that the following conditions are satisfied:
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(1,) There exist integers k, > n and s, a multiple of p,* . . .- p_, such that the set
B, consists of g =ry * ... ry, elements of WZs,,)-

(2,) B<u@B,) <B+(1/2%)1 - ).

(3,) For n> 0 the restriction to B, of a proper function of Dg__, with proper
value A EZ, . is a proper function of Dg with proper value A,

We w111 show that the satisfaction of these conditions forn =0, 1, 2, . , implies
the first assertion of the proposition.

In fact, from (2,) it follows that u(B) = §; from (3,) we obtain that

PV (D5) O U Ly, = U 2,

It also follows from (3,)) that the partition n(Z, k") for Dy coincides with the restriction to
B of the partition n(Z; ) for D. But by (1), for D we have n(Z; ) > WZy,..p,) and
therefore for D; we have n(qun) /€. Hence Dg is an automorphism with rational spec-
trum, and

PV (D5)= U Z,,

We now construct the sets B, . Put By = Z{, 1,55 = 1 and k, = 0. Suppose we

have already constructed By, B,, ..., B Choose &, so large that

n—1"

2n+2

Prky— _ (.1
)]

Obviously k, = k + 1, and therefore &, = n if k
such a choice of k there is a natural number / such that

Gr, >

= n — 1. We will prove that for

n-—1 n—1

B T _ B2 —P) (5.2)
u (Bn—x) < qkn_llpn ™~ K (Bn_l) )
In fact, (5.2) is equivalent to
n(B n—l) p “qkn—l I (Bn—l)
{ < . (53)
f5+2'"(1—l3)< 9 p

n

But the length of the interval

( B (Boy) u(BH))
p+2"—B) " P

is larger than 27"~!(1 — §). Therefore inside this interval there is a number which is a
multiple of p,q, _. /ax . which, by (5.1), is less than 277721 - B).
We now put s, =s,_,Ip,, where [ satisfies (5.2). Let n(Z,, —1”'1’) for Dg __, con-

; n—1 n—1 n—1 _ np—1 n—1
sist of elements AT™", . . ., Aqkn—lp"l’ where A7™" =D __ AT™". Then put

qkn

n-1

B, = | AT
=1
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We will verify (1)), (2,,) and (3) for this set. Condition (1,) is satisfied by construc-
tion since the partition n(Z, K1 p 1) for Dy _, coincides with the restriction to B,_, of
W(Zs,_,p,1) for D.

Condition (2,)) follows from (5.2), since

Ir

B,) =1 (Bn- e_r
w (Br) =p (Br-1) i

n~-1

Finally, condition (3,,) follows from the fact that for any element A of (Zy, 1),
a—

for Dg,_, we have
Dg, (AN B,) = DBn—lA N Be.
The proposition is proved.

COROLLARY 5.1. Let §>0,and let T and S be standard automorphisms. Then S is
metrically isomorphic to some derived automorphism T4 on some set A of measure 8.

ProoF. In view of Corollary 3.1 and Proposition 5.2 it is sufficient to prove that any
standard automorphism T is $-monotonely connected with D.

Let T ~ Dm( 9s where f3 m = vy. Choose a specfunction m, such that D m1( y ~D
and f my = B/v. Let R: 7Z— Zm 1 (- implement the isomorphism between D and Dy y -
For x € Z,,, L(-) We denote m(x) = m(R™'x). We have

T ~Dmey ~ D)z

ity ™~ Py
Since [ m, * m = (B/v) - v = B, it follows that T is f-monotonely connected with D.

§6. Good approximation

DEFINITION 6.1. An automorphism 7 of a Lebesgue space (X, u) admits a good ap-
proximation by periodic transformations (good a.p.t.) if there is a sequence of finite parti-
tions £, = {c,l,, NS c ,d,},n=1,2,. .., with the following properties:

6.1.1. piely="---= pln).

6.1.2. £ is an exhaustive sequence.

6.13. lim q,, - Zdazt (T, A LYy = 0.

The property of good a.p.t. is equivalent to the property called in [23] a strong ap-
proximation by partitions (see the beginning of the proof of Proposition 6.2), and takes an
intermediate position between the weaker property of approximation by partitions (see [*%]
or [¥]) and the property of cyclic a.p.t. with speed o(1/n) of [23], which corresponds to
the case d, = & or, equivalently, q, u(d,) — 0 as n — oo, A slight modification of the
proofs of Theorems 3.1 and 3.3 of [2°] allows one to prove the following assertion.

PROPOSITION 6.1. An automorphism admitting a good a.p.t. has simple singular spec-
trum and is not mixing.

PrOPOSITION 6.2(3) Let T admit a good a.p.t. Then there exists a sequence of parti-
tions n, = {c¢c,, Tc,, . . ., Tsn—lcn, folon=1,2,.. ., with the following properties:

(3)There is a similar assertion in [26 1-



MONOTONE EQUIVALENCE IN ERGODIC THEORY 121

1. m,/ €asn— .
2 f,Df D
3.5, ~w(T%rc, Nec,)— lasn—> o

Proor. Put
, In . , 9n1
cn= (T M, dn=X\_U Tcn
i=1 i=o
Obviously, ¢, N T, =&,i=1,...,q, — 1; therefore the sets ¢, Tc, ..., T9 1]
and d,, form a partition, which we denote by £,. Since
In1
(e \en) < 3 (e \Tcl), (6.1)
=1
we have
. 9, 7 o
B < pdn) -5 D w(Ten inen). (6.2)
i—1
Since £, — €, by (6.1) and (6.2) £, — €. In addition
’ an . q i1 .
pen A Tcn) << 20 (e\ea) +1 (T A i) < 2 S) u(Tch A ci™).
i=o

Thus the sequence S; satisfies the conditions of the definition of a strong approximation by
partitions [23].
We choose from S; a subsequence

oy ="n={ch, TcF ..., T 1y
(the notation is somewhat modified) such that for each n = 1, 2, . . ., there is a family of
natural numbers
In—{1l, ..., sp—Sna}, (6.3)
for which
i 1
R A (U T < —, (6.4)
=Y 2"
where for each i €1
p (TN e > - 3. (6.5)
sn+l
From (6.5) it follows that
]nn([n+{L}):@v i=1, ..., sp—1L (6.6)

Denote

n+1 i n+1
¢ = U Tcnn
i€l,
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and, inductively, fork=n-1,n-2,...,1
ci” = U T'eiii. 6.7)
sl
It follows from (6.3) and (6.6) that fork =1,...,nandi=1,...,5, — 1 we have

Tzt N gt =&, and consequently the sets

Sp=1
n+1 n+1 Sp-1 - i
ce™y Teg™, .., TF e, AN U Ta”
i=0

=

form a partition, which we denote by n7* 1. Obviously

n+1 ~_
Mot >Mn > >

The definition of the ¢§*! and (6.4) imply that

Bk AN < ——.
sz

Therefore, as n — = and for fixed &, the sequence of sets c,’f tends to a limit, which we

denote ¢, , where Tick Ne, =@,i=1,...,s, ~ 1. Weintroduce the partition
i Sp—1 Sp—1 ;
T]kZ{Ck, TCk, ceey T Cp, kaX\U TCk .
=0
Passing to the limit as n — °0 in (6.7), we obtain
k= {J T'cpn
icly

and consequently the sequence n, is monotonely increasing, and f, ., C f,. Since nf; — €
as n — o and

o

m ! -1 1 2
w(cn A\ cn) < 2 AN 1 D e —
=1 =1 (n42)® 2 Sn+1

it follows that n, / € as n —> o=, Finally,
W(T7"Cn A Ca) < 20 (Co 2o CR) 1 (TR A CD).
The first term has already been estimated. By (6.1) the second term is also o(1/s,,). The
proposition is proved.
COROLLARY 6.1. An automorphism T admitting a good a.p.t. is standard.

Proor. By Proposition 5.2 it is sufficient to prove that 7 has a derived automorphism
which is metrically isomorphic to some D{, }. But this follows at once from Proposition
6.2. In fact, fix any k and put 4, = fgg‘ Tick. Obviously, for n = k the restriction of
n, to A, is invariant relative to T4, . Since (n,)a, / €4,, by Proposition 1.1 T4, is an
ergodic automorphism with rational spectrum.
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§7. Monotone approximation

Letg€Z* N, ={0,1,...,q-1}, X, = [0, 1] xN,, X, = [0,1] x {i},i =
0,1,...,q9~1,and let A, be the direct product of Lebesgue measure on [0, 1] and the
measure 4, on Ngs where uq({i}) =1/q,i=0,1,...,9g—-1. Let T: (X, u) — (X, u) be
an automorphism, ' C X a measurable set of positive measure and p: F — X a measurable
mapping.

DEeFINITION 7.1. We will say that the pair (F, ¢) defines a partial monotone structure
for T if mod 0O the following conditions are satisfied:

7.1.1. ¢ is an injective mapping with constant Jacobian; that is, )\q(go(A)) = a(p)u(A)
for A C F, where a(yp) > 0 is independent of A.

712, Ifx,, x, €F, o(x;) =@, m) € Xq and ¢(x,) = (t, m + k), k > 0, then x, =
T'x, for some I > 0.

7.13. If x € F and ¢(x) = (f, m), then either o(Tpx) = (t, m + k), k > 0, or o(F)
N{t} x{m+1,...,qg-1}=4&.

For a partial monotone structure (F, ¢) we put

Fl=o™(X}), i=0,1,..., ¢—1,

where £(F, ) is the partition of X into F®, ..., F971 and X\ F. Finally we denote by
m, and w, the natural projections:

nc Xy—[0,1], 7, X;— N,

REMARK. Obviously properties 7.1.1—7.1.3 depend only on the derived automorphism
Ty Therefore if (X', u') is another Lebesgue space with F C X N X', u(F)>0,and T": X'
— X' an automorphism such that (T ')F = Tp, then (F, v) is a partial monotone structure
for T', where the corresponding constant a'(¢) is equal to () - u(F)/u'(F).

DEFINITION 7.2. A sequence of partial monotone structures (F_, ¢, ) for T is called
exhaustive if, as n — oo,

121 &F,, v,) — €, and

722, afp,) — 1.

REMARK. Obviously 7.2.1 implies that u(F,) — 1.

DEFINITION 7.3. An automorphism T admits a monotone approximation if there exists
an exhaustive sequence of partial monotone structures for 7.

We will now state an approximation criterion for standardness.

THEOREM 2. The following two properties of an automorphism T are equivalent:
T is a standard automorphism;
T admits a monotone approximation.

Theorem 2 follows from Corollary 6.1 and Propositions 7.1 and 7.2 proved below.

ProrosITION 7.1. The property of admitting a monotone approximation is monotone-
ly invariant.

Proor. 1°. We first describe a certain reconstruction of X q
Given a function k: N, — Z;, we denote ¢’ = 9= k(i). We define a mapping
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brey + (Xdetr— X
putting for r € [0, 1], { €N, and 0 </ <k()

i-1
'.lpk(') (t’ A .’)= (tr 2 k (l)+]> .

I=o
Obviously ‘l’k(-) is an isomorphism (we recall that the measures in (X q)k(,) and X, are
normalized).

2°. Now let (F, ) be a partial monotone structure for T and let m € L1(X, u, Z3)

be constant on the elements of £F, ¢). We define a partial monotone structure (F;‘(_),
go;,(,)) for TE(-) by putting Py = \l/k(.) o k, where k: Xq — Za“, k=m-e so_l, K: F;“,)
— (Xq)k(,) and k(x, ©) = (p(x), ). Obviously,

E(FE(.)s (P,ﬁ(.)) = (g (Fv (P)),;{(.)v a ((P;r_z()) =Q(CP) 5. %d.uf *q- (ql)—l.

3°. Let T have an exhaustive sequence of partial monotone structures (F,,,), and
letmeLI(X, u Z;). Fix & > 0 and choose N(8) so that for any n = N(§) there is a
function m, € L'(X, u, Zg), constant on the elements of £F,, ¢,) and such that

ilm(X)—ﬂ—ln(X)ldu (%) <,

.1
T (0=8,0 7 o) m () da () <.
X

Here ‘Sii is the Kronecker symbol. We will now omit the index n, since we will only be
considering one partial monotone structure.

Put F = {(x, {) € X,y x €F, m(x) = m(x)}. By (7.1), u(F\F) <58/fy mdu. Ob-
viously, F C X,y N X, and (T, )7 = (T ()i therefore, by the remark after
Definition 7.1, (F, ¢, O |7) is a partial monotone structure for T, () where

( mdp

a ((Pn'{(.) ‘F) =a ((P,;(.)) X ’
g.mdp,
b'¢
and §(F, ¢5,.)|7) on F coincides with (§(F, ©)),,,(.)-
We apply this procedure to each partial monotone structure (¥, ¢,) for n = N(3).
Since § is arbitrary we thus obtain an exhaustive sequence of partial monotone structures
for T, (- The proposition is proved.

PrOPOSITION 7.2. Let T: (X, u) — (X, u) admit a monotone approximation. Then
there is a function m € LY(X, p, Z) such that T m(-) @dmits a good a.p.t.

Proor. 1°. Let (F, y) be a partial monotone structure for 7. We introduce some
notation.

For x € F we put i(x) equal to the index of the set F; to which x belongs. In other
words, i(x) = m,(¢(x)). Further, let j(x) be the number of elements in the set
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@ (F) N st @ () <0, ..., (V) < X,
For t € [0, 1] we denote by s(¢) the number of elements in the set 9(F) N ({¢} x Nq).
We call ¢ € [0, 1] e-saturated if s(t) = (1 — €)g. We denote by 4, = A_(F, ¢) C [0, 1] the
set of all e-saturated points, and set F, = gp_l(AE X Nq). Since A (o(F)) = ofyp) - u(F), we
have

(A > 11— 1=2@rd) (7.2)
14
t—e(  A—a@uF)
w(Fe) > s (1 . ) (7.3)

2°. The basis of the proof is the following construction of a “reconstruction” of an
automorphism. Let t € 4,. The inverse image ¢ 1{t} x N q) consists of s(z) points, which
we denote y,(7), . . . ,ys(t)(t), where j(y(D)) =i, i=1,...,s(?).

We observe that, by conditions 7.1.2 and 7.1.3, y,, () = Tp y() fori=1, ...,
s(t) - 1.

DEFINITION 74. An e-reconstruction of T, corresponding to a partial monotone
structure (F, ), will be a passage from T to Tpm (), where m, = m, ., ELYX,p, Z8)is
defined in the following way: forx € X

[(Tr, (X)) —i(x), if xe& Fe j(x)5=5(7, (9 (Y),
Merp(¥)=1g—i(x)+i(Tr, (%), U x&EFe, jx)=s(1 (¢ () (7.4)
l 0, if x&PF..
The function m, is measurable by the measurability of F, and the functions i(x), j(x) and
s(f). We now define a mapping i: Xmeey =101, ... ,q9~ 1}, putting for y = (x, k) €
Xme()
€

A basic property of T, (.), obvious in view of (7.4) and (7.5), is
Ty =i(y)+ 1.

Thus the sets ¢, = i"Yk),k=0,1,...,q - 1, have equal measure and are cyclically per-
muted under the action of 7, (..
3°. We will show that
-1

S by (@NEF N Ximg ) L. (7.6)

k=0

Obviously, F¥ N F_= Fkn Xy C ¢, Therefore

k"g: (e \F") = Xomgy \Fe. (7.7)

Furthermore,

Mgy (Fo) > 1—e. (7.8)
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The inequality follows from the fact that, by the construction of Xom () toO each set
o {1} x Nq), t € 4, consisting of s(f) > (1 — €)q points, we add g — s(t) points (we
count all points of X,, (.) lying over the y(¢),i=1,...,s(6)~ 1,9 — i(ys(t)(t)) of the
points lying over y,(2), and iy (#)) of the points lying over (TFE)"1 y,(8)). (7.6) follows
from (7.7) and (7.8).

4°. We construct an automorphism T, (., admitting a good a.p.t. as follows: m(x) =
m{*)(x), where convergence holds almost everywhere and in L! and m(*) =
with the help of

im

71— 00
m® D « m(™. The automorphism Tm(,,)(.) is obtained from Tm(,,_l)(,)
an €, -reconstruction corresponding to some partial monotone structure.
We put m(® = 1 and suppose that m1, ... m are already constructed. In each
of the spaces X, (x).,» k=0, 1,...,n, we fix bases {4k}, 1=1,2,..., of the o-alge-
bras Ql(Xm(k)(.), um(k)(_)). Since each Tm(k)(,) is obtained by €, -reconstruction, it has an
invariant finite partition into the sets c(see 2°), which we denote by £,. Let I = q,.
By Proposition 7.1 there is an exhaustive sequence of partial monotone structures for

T We choose a partial monotone structure (F**1), "+ 1y and an e, , > 0 so

m () ()’
that the automorphism T (a+ 1y obtained from T, () © by an €, ,-reconstruction,

satisfies the following conditions:

1,).
1 1
p‘m(n)(.)(Xm(")(~) ﬂ Xm("“)(-)) > - 2"+1q3 ’
n
1
By Xy (1 X)) > 1 — ont1g9
n

This is possible by (7.3) and (7.8).

(2,). The sets AF N X, () k-1 =0, ..., n, are approximable within 1/27t10
by sets consisting of elements of £(F(* 1), p(n+ 1)y,

The inequalities (1) imply the convergence of m{®) as n — e in L!(X, 1) and almost
everywhere to a function m. We will show that 7, .y admits a good a.p.t. The inequalities
(1, 1=0,1,..., imply

1

Mty (Xm(n)(.) N Xm(-)) >1— o3 ’
! (7.9)
1
ey (X gy (1 Xmgy) >1—
2"g3

Hence it follows that T,yadT (1)) coincide on the set G, both measures (i, ., and
M, (n)(y) Of Which are greater than 1 — 1/271q3. We denote

an -t
Frn= (1 Tm(\Gn-

i=0

We have

1
Pm(y (Fn) >1— )

2n—1 q,21
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and if x € F, then T! m()yX = Tfn(,,)(_)x, i=0,1,...,q,— 1. Choose ac €, and put
¢, =c¢NF,. Obviously
i - . - 1 1
Tm(')cﬂncn:®1 lTZl, D) Qn—'ly Hm(~)(cn)>_‘_
n Zn—lqﬁ
and
1
Pemg.) (an N Tm( )Cn)>—'— —_
27[—2‘]
In n
Consider the partition
- - - qn-1_ n=1 i o
E Cm m(-)cm ey Tm(~)Cn, Xm(.)\ U Tm(.)c,,}.
i=0

From (7.6), (2,,) and (7.9) it follows that Ewn is an exhaustive sequence. Thus the sequence
g, satisfies conditions 6.1.1—6.1.3.

§8. Generalized almost periodicity

We now pass to the proof of the second and most important criterion for standard-
ness—Theorem 4. This theorem will be proved—more precisely, reduced to Corollary 6.1—
in this and the next two sections. The assertion of Theorem 4 says that an automorphism
is standard if and only if for any finite partition (or, equivalently, for a generating partition,
or an exhaustive sequence of partitions) sufficiently long pieces of the trajectories of most
points are coded into sequences which are close in the metric o™ (the property of M-trivial-
ity; see Definitions 9.1—9.3). The scheme of the proof of Theorem 4 is this. First we
prove Theorem 3, a similar criterion for the existence of a good a.p.t. (H-almost periodi-
city; see Definition 8.3), which is also of independent interest; then we prove the equivalence
of the condition of M-triviality for all partitions, for generating partitions and for exhaustive
sequences of partitions (Propositions 9.2 and 9.3), then the monotone invariance of the first
of these conditions (Proposition 9.4) and, finally, the monotone equivalence of an automor-
phism satisfying this condition with some H-almost periodic automorphism (§10). Theorem
4 then follows at once from Theorem 3 and Corollary 6.1.

Throughout this section p and ¢ are natural numbers, € > 0, £ is a finite ordered par-
tition of (X, p) and T is an automorphism of (X, u).

DEFINITION 8.1. A random process (7, £) is (p, q, €)periodic if there is an element
W® e 2,4, 1) such that RIw(® = (® and

g-1
u?‘,’;:,(SL:JO B (Rsm“’)}) S,

DEerFINITION 8.2. A random process (T, §) is H-almost periodic if for some sequences
p, — =, q, — > and €, —> 0 the process is (p,,, q,,, €,)-periodic.

DEeFINITION 8.3. An automorphism 7" is H-almost periodic if (T, £) is H-almost peri-
odic for any partition £.

REMARK. It obviously follows from the definition that a quotient automorphism of
an H-almost periodic automorphism relative to an infinite invariant partition is an H-
almost periodic automorphism.
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ProrosITION 8.1. Let {n,},n=1,2,..., be an exhaustive sequence of finite
partitions of (X, u). If there are sequences p, — =, q, —> * and €, — 0 such that the
processes (T, n,) are (p,, q,,, €,)-periodic, then T is H-almost periodic.

Proor. Fix £ ={c;,...,c,}, €>0and a natural number N. Choose # so that
there is a partition £, = {c}, ..., c,,}, &, <n,, for which
m
S b ena) <2, G

i=1

and, in addition, €, <€/2,p, > N and q, > N. Then (7, £,) is obviously (p,,, q,,, €,)-
periodic. Let (%) € Qm,p,q, e such that R11¢w(®) = o,(®) and

gn=1 e
s (on B! (R%«»)) 1= ®2
- 2

Integrating (4.18), we obtain

Pnin Pndn - m .
55’(¢ra(U,wnéAxndu~:u(Lquﬁc»»
Denote =
Ar={x 0" @rE" (), Pree (¥)) >
(8.1) implies
n(de ) < =, (83)
> 2
Thus if x & 4/, and
qn=1

Prer (v) = u B” (R® (0@)),

then

qn-1

erE" (1) = UBWR(W)

whence by (8.2) and (8.3) we have
ann ( U BH (Rb ((.0(0))) )\\: 1_8.

Since N, € and £ are arbitrary, the proposition is proved.
PropositionN 8.2. If (T, &) is H-almost periodic, so is Tl

PrRoOF. Passing from T to the quotient automorphism 7’| we may suppose

£
that £ is a generating partition; that is, £, = €. Since y7. Tks(x) = np’},E(Tkx), the H-al-
most periodicity of (7, T*£), for any integer k, follows from the H-almost periodicity of
(T, £). Furthermore, from Definition 8.2 and (4.16) it follows that (7, £¥) is H-almost

periodic. Since T ¥g2k~1 = \/fk Tt = Ny, it follows that (7', n,) is H-almost periodic.



MONOTONE EQUIVALENCE IN ERGODIC THEORY 129

But the sequence {7, },k = 1,2, ..., is exhaustive, and consequently Proposition 8.2 fol-
lows from Proposition 8.1.

THEOREM 3. An automorphism T of a Lebesgue space is H-almost periodic if and
only if it admits a good a.p.t.

Proor 1°. We will derive H-almost periodicity from the property of good a.p.t. Let
{¢,3,n=1,2,..., be the sequence of partitions of Definition 6.1. By virtue of Proposi-
tion 8.1 it is sufficient to verify that for some sequences p, — < and £, — O the random
processes (7, £ ) are (p,,, q,,, €, )-periodic.

We denote
9n=1
dn 2 B ( Tcn A CHI) =ap, W(dn)="ban
i=0
and put
1 Pn dn—1
pn:[anh]—‘l, C—= ﬂ ﬂ quntl
k=0 i=o0
Obviously
) pa A
B(ea\0) < —2 L 2
9 T 9

and consequently

g1
M( U Tic)>1—b —a’.
. i=0

IfoTic,i=O,1,...,qn—1,then
Pnd
q)n (_X,')'(l L+1 ~-,4m1y~--, qn,...,1,...,q,1,1,...,i—]):le(o),
u”—lvtimes
where
ﬂ)(o)t(l, v ey qu! v .y 1, e vy qn)-

Py {imes
Puttinge, = b, + aZ’, we obtain the result.
2°. We now derive the property of good a.p.t. from H-almost periodicity. A sequence
of partitions satisfying the conditions of Definition 6.1 is easy to construct by a diagonal

process, if for any finite partition n ={b,, ..., b, } and any § > 0 we construct n®) =
{dy,....d, =d,, d} with the following properties:
wid) <8, (8.4)
pd)=p(d) = ... =pd). (8.5)

Foreachi=1,...,r thereisaj, € [1,...,L] such that
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ST (diN\by) << 8, (8.6)
S0 (Td A din) < > 8.7)

Thus, let  and §, 0 < § < 1/10, be fixed, and let T be H-almost periodic. Choose
p > 2572 and q so that for some w(®) € Qg
g-1 5
WEA(U Bl (R10©)) >1— -,
§=0
and denote for convenience
A (s, &) = (@) (B (R'0™))

in order to do the subsequent construction in X and not in £, pa
By (4.21), TA(s, €) C A(s + 1, ¢ + 1/pq).

Fix N > 1006~ !pq, and construct aset BC Xsothat ’/BNB=&,j=1,...,N
-1, and /.L(U}N:'Ol T/B) > 1-82/2. Let k, denote the partition consisting of the intersections
of the elements of - Tp- - - - - T~N*1n with B, and X\B, and further let
Ry Ty« - - TV 'ny.

The partition n®) satisfying (8.4)—(8.7) will be a refinement of k.
Fix ¢ € k. Denote

lo(c):min{l 0L I N —pg, Tlee= A<0,% L _1__)}
p

and by induction set
lk(C):min{l g () pg<I<N—pg, Tcs A (0, %—l‘—;')}

for as long as I, (c) can be defined. We denote by k(c) the maximal k for which /. (c) is
defined.

Put
k(c) p-1 1..( faai
d=U U U T, i=0,1, ..., g—1.
c&nty k=0 j—=o0
Obviously, Td; =d;, ,,i =0, ..., q — 2, and consequently (8.5) is satisfied. Furthermore,

(qu-l ﬂ do) :)( LJ kL(j) ﬂL-Jl le(8)+illc>

cEH k=0 j=1
and therefore

B (Tdgy Adg) < —Z’—u d) <L,
q

that is, (8.7) is also satisfied.
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It remains to verify the “smallness” of n(®); that is, (8.4) and (8.6). Condition (8.4)
easily follows from the next lemma.

Lemma 8.1. LetcE€ky, i () >1> 1L (c)+(p + 1)gand I <N —pq. Then
Tecx\U A(s, %)
§=0

Proof¥. First, it is obvious that T/c either is wholly contained in one of the sets
A(s, 8/2) or does not intersect one of these sets. Let T%c C A(s, §/2). Then by (4.21)
_ ‘ 8 : " y R
T .o, 2 :—) g 4
( 2 * pg . 2 T p)
and consequently [, , ,(c) <! —s <!, which contradicts the conditions of the lemma.
Lemma 8.1 implies that
g-1 / kic) ¢ I. \
d=X\U dec (U U U T)
i=0 CEERg i=0 s=1

pq N-r N-1 in g-1 §4h
U(U T B)U(X\\ U TB)U(X\U /1<s, 3l
r==1 j=o0 s=0 2
Therefore u(d) < 1/p + pg/N + 82/2 + §%/2 <8.
Finally we verify (8.6). We denote by j_ the coordinate of w(®) with index jg +
5,7J=0,...,p—1,s5=0,1,...,9-1. LetcE€kyandk=0,1,...,k(c). Since

T = 4 (o, % + %} — A0, 8),

amongst the pg sets of equal measure T'k()F/a*+sc j—0 .. . p-1,5=0,...,9—1,
there are not more than (1 — 8)pg such that T*k(€)Fia+s. ¢ bj,. Summing over k = 0, 1,
..., k(c) and over ¢ € K, we obtain

g-1
SEICANARE)
=1

Theorem 3 is proved.

COROLLARY 8.1. A quotient automorphism T ls of an automorphism T admitting a
good a.p.t., relative to an infinite invariant measurable partition &, admits a good a.p.t.

The property of H-almost periodicity, if stated in the language of functions, and not
partitions, turns out to be more general than the property of almost periodicity of functions
which arise as the trajectories of automorphisms with discrete spectrum, similar to the
various classical notions of almost periodicity. We will not discuss the situation in detail
but limit ourselves to a proof of the following assertion.

PROPOSITION 8.3. An ergodic automorphism T with discrete spectrum is H-almost
periodic.

Proor. By von Neumann’s theorem on discrete spectrum (see §1.3) we may suppose
that 7 is an ergodic (relative to Haar measure), and hence topologically transitive, translation
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on a compact commutative group G. On G, obviously, there exists a metric p invariant
relative to all translations. Proposition 8.3 follows from the next lemma.

LEMMA 8.2. Let X be a compact metric space with an infinite number of elements,
T: X — X a topologically transitive isometry of X, and 1 a continuous Borel measure,
positive on any open set and invariant relative to T. Then T is an H-alinost periodic auto-
morphism of the Lebesgue space (X, ).

Proor. We will show that there is an exhaustive sequence of finite partitions such
that for any partition n from this sequence

u( U (dc)=0. (8.8)

=N

Fix § > 0 and some finite cover of X by spheres of radius 6/4. Obviously by in-
creasing the radius of each sphere by a factor of not more than 2, we can obtain that the
measure of the boundary of the new spheres is equal to zero. Let U,, ..., U, be the
elements of the new cover, n; the partition of X into U; and X\Ui, andnp =n; - ... M-
The diameter of all the elements of 7 is less than §, and (8.8) is satisfied.

Thus by Proposition 8.1 it is sufficient to prove H-almost periodicity of (T, n) for
any n satisfying (8.8). Fix a natural number p and € > 0. Let an = |} ., 0c, and let
U,(A) be the 5-neighborhood of 4 C X. Choose & > 0 so that u(U;(dn)) < €*/4. By
the topological transitivity of T there is a point x, € X\ Uy (dn) and a number r such that
the points x,, Txg, . . ., T’"lxo form a &/2-net in X. Further there is an arbitrarily
large g (we choose e2g/4 > r) such that d(xq, T%y) < 6/2p (d is the metric in X). Denote

( (0)
@0 = (m°°), ceey Opg_g) € Qpmpge

where

o = (T'x), =0, ..., ¢g—1, j=0, ..., p—1.

Let x € X. We will find k(x), depending measurably on x, so that 0 < k(x) <r and
d(Tk(x)xo, x) < §/2, and estimate

[ o (@8 (%), R*00) dy.
X

Obviously
d (qu+[x’ Tk(x)+ixo)
& d(THHy, THHHD ) o g (RO lesieky g + é% <.

Therefore 7/9%x and T%®*)*ix  can only lie in different elements of n if 7/4*/x €
Ug(9m). Hence it follows (see (4.18) and (4.20)) that

2
(,, o (977, (1), R*P0®) du < p (Us (9M)) +%<%,

and this means
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Wiy (IL:J BY (Rla®)) > 1 9

(we recall that r < g).

Thus (7, 1) is (p, q, €)-periodic. Since p and g can be chosen arbitrarily large and
€ > 0 can be chosen arbitrarily small, the lemma is proved.

Theorem 3 and Proposition 8.3 immediately imply

COROLLARY 8.2. An ergodic automorphism with discrete spectrum is standard.

§9. M-trivial processes
Let n be a natural number, £ = {c,, ..., Clg i} a finite ordered measurable partition
of (X, @), T an automorphism of (X, u), w € Q¢ , and A(T, & n, €, w) = (¢}, ) ' BY (w).
DEFINITION 9.1. A random process (7, £) is called (n, €)-trivial if there is an w €
)¢y, such that

AT, & n e, 0)=pre (B (@) >1—e. (9.1)

The element w is called an n-standard for the process (T, £).
The following lemma is a direct corollary of CebySev’s inequality.

LEMMA 9.1. If (T, &) is (n, €)-trivial, then

}S{ oM (PFx, ©) du < 2e.

If fx oM (7. X, w) =P, then (T, §) is (n, B7)-trivial.

Proor. For brevity we write A(T, &, n, v, w)=A,. For 0 <7y <1 we have

.
0< | oM (9Fer, ) <y (Ay),
A‘V

v(l—p(Ay) < XjA M (e, ©) < 1 —p (Ay).
Ay

Putting ¥ = € and taking the right-hand inéqualities together with the assumption wA.,) =
1 — €, we obtain

5 oM (7.6, ®) L& (1 — &) +& < 2e.
X

Putting ¥ = % and taking the left-hand inequalities, we obtain

l/z 1
B (1—w(A,)<B p(d)>1—p"
B2 B’
ProrosITION 9.1. If (T, £) is (n, €)-trivial and m = kn + r, where k 2 1 and 0 < r
<n -1, then (T, £) is (m, (2e + r/m)")-trivial; moreover, as an m-standard we may choose

k

an element of the form w® x o, where w € )y , and € € Q.

ProoF. We first consider the case » = 0. By (4.6), for x € X we have
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1
oM (pFgx, 0F) < —

> oM (9% (T™), w).

k-1
=0
Since
§ 0™ @hs (Tx), 0) du= { 0™ (of4x, @) dy,
X X

it follows that
M, k
f PY (orex, o) dp L f oY (@7.¢x, ©) dp. (9.2)
x X
Applying Lemma 9.1, we obtain the proposition for » = 0. In the general case let @ = w*

* @€ Qg ,,, where & € Q) is any element. Obviously
- r
o (@Fgr, ©) < PV (915 09+ —. (9:3)

Comparing (9.2) and (9.3) and applying Lemma 9.1, we obtain the desired result.
DEFINITION 9.2. A random process (T, £) is called M-trivial if for any € > O there is
an n4(€) such that for n > ny(€) the process (7, £) is (n, €)-trivial.
Proposition 9.1 immediately implies

CoRrOLLARY 9.1. If there are sequences k,, and €, — O such that (T, £) is (k,, €,,)-
trividl, then (T, £) is M-trivial.

ProrosiTiON 32. Let {n,},n = 1,2, ..., be an exhaustive sequence of finite par-
titions of X. If the random processes (T, n,,) are (k,, €,)-trivial, where k, — > and €, —
0, then (T, £) is M-trivial for any partition £ = {c,, ..., c, }.

Proor. Fix € > 0. Choose n so that for some partition £, = {c], ..., ¢, } we

have £, <7, and

m
RRACYAA) <f‘42—;
=1
in addition, (7, n,), and consequently (T, £,), is (I, €/2)-trivial for some /. Repeating the
proof of Proposition 8.1, we obtain that (T, &) is (I, €)-trivial. By Corollary 9.1 the process
(T, &) is M-trivial.
PRroPOSITION 9.3. Let (T, &) be M-trivial and n < £ a finite partition. Then (T, n)
is M-trivial.

ProoF. Passing to the quotient automorphism TIET’ we will suppose that £ is a gen-
erator. By Proposition 9.2 it is sufficient to prove that the processes (7, £%) are M-trivial
(compare with the proof of Proposition 8.2). But this follows from the definition of M-

triviality, and from (4.15) and (4.17).
COROLLARY 9.2. An M-trivial random process (T, £) is ergodic.

Proor. If 4 € A(k,) is an invariant set and n = {4, X\A}, then the conditions of
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Definition 9.2 are obviously not satisfied. Thus the ergodicity of (T, &) follows from
Proposition 9.3.

ProOPOSITION 94. If T is an automorphism such that (T, £) is M-trivial for any finite
£ meLY(X, u, Z+) and n is any finite partition of X, .y, then (T m(-)> M) 18 M-trivial.

Proor. Proposition 3.3 implies that m may be supposed to be bounded. By Proposi-
tion 9.2 it is sufficient to prove the M-triviality of the processes (T () Em(- )) where £ is
a finite partition of X and m is constant on the elements of £. Denote

p= Ymdu, K =max m (x).
X
Fix € > 0 and denote

1 n-1 ;

D,.,= lxe= X
e { = 100

<iJ.

By the ergodicity of T (Corollary 9.2) we can choose n,4(€) so that for n > n,(e)

B 4
b (D) > 1 100K *

Let n > max(2/8, 100K/eB, ny(€)) be chosen so that (T, §) is (n, €8/100K)-trivial. In this
case from (9.1), (9.4) and the inequality Uy, ((E,, () < Ku(E)/B for any E C X, it follows

that
eff
Hm(‘)[(D"’S A (T’ &, 100K’ m))fﬂ(-)]

K ( eff efy \] & (9:5)
>1 -2 . 1— &
= B [\ 100K ) < 100k )| = 50
Denote m,,(x) = Zi=g m(T’x). Lety, = (x,,k,),», = (x,, k), ¥y, ¥, € Xy, and
£
Xy X, = Dpe VA (T, g n, 1—05—1—(—, m) . (9.6)
Since y; = Thi Gy, 1) and y, = Th3 (x5, 1), ky, k, <K, by the choice of n we get
M (LB
P ((PTr:nuEm 1o Pty o ) (5.7
[
< 100 (? "ﬁ]) Emey (Yo 1) (PTmn%m()(xz’ D)

therefore for the proof of ([n], €)-triviality of (7, M) Em( )) it is sufficient to estimate the
second term on the right side of (9.7). By (4.22) and the remark at the end of §4 we
have

mp(x,) My, (Xs)

0% (@Tmp2mey B 1y Pry b (20 1) << < KO™ (@F.1x1, 9F.5%). (9.8)

We pass to the estimate:
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M, [nB] [nB]
o ((PTnm(.)»Em(.)(xlv 1) (me( -y Em(. )()Cz, 1))

<mmmmmwmw~mu—WHMﬂmuwwmﬂmmm)
- (nB] 9.9)
2+ nsﬁ + KOM (97 £ 97, £ ¥

& e e - &
e e — =
\25+25+50<5

TN

[nB]

The first inequality follows from the definition of p™, the second from the definition of
D, . and (9.8), and the third from the conditions on n and (9.6). It follows from (9.6),
. 7) and (9.9) that (T,, ., Em(y) is ([nB], e)-trivial.

LEMMA 9.2, An H-almost periodic random process is M-trivial.

Proor. Let (T, &) be (p, g, €)-perodic, and let
PP = :Ljo BY (R'e®).
By (4.20)
oM (@8 x, ) < o o

that is, (7, &) is (pq, € + 1/p)-trivial. The lemma now follows from Proposition 9.2.
Lemma 9.2, Theorem 3 and Propositions 9.3 and 9.4 imply

COROLLARY 93. If T is standard, then for any finite partition & the random process
(T, &) is M-trivial.

§10. M-triviality and standardness

THEOREM 4. The following assertions are equivalent:

1. The automorphism T is standard.

2. For any finite ordered measurable partition ¢ the random process (T, £) is M-trivial.

3. For an exhaustive sequence of partitions {§,},n = 1,2, ..., the random proces-
ses (T, &) are M-trivial.

4. For any generating partition £ the random process (T, £) is M-trivial.

Proor. The equivalence of properties 2, 3 and 4 has already been proved (Proposi-
tions 9.2 and 9.3). By Corollary 9.3, 2 follows from 1. Thus it remains only to derive 1
from 2. For this we construct an H-almost periodic automorphism monotonely equivalent
to an automorphism satisfying 2, and then use Theorem 3.

LeEMMA 10.1. Let T: (X, u) — (X, u) be an automorphism, £ = {b,, . .. ,b,£|} a
partition of X, p and q natural numbers, and € > 0. If (T, £) is (pq, €)-trivial with a pq-
standard of the form w”, where w € Q, £| q> then there is a function m € L1(X, u, Z+)
and a partition E = {b .. b,zi tof X ) such that

Im—1],< 4e, (10.1)
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I .
n (}_jl (®:N bﬁ) > 1—4e, (10.2)

the random process (T £) is (p, q, O)periodic. (10.3)

ProOOF. Fix N > 100pq/e and construct a set B C X such that T/B N B =&, j = 1,
, N~ 1and (U5 T7B) > 1 ~ €/100. As in the proof of Theorem 3, we introduce
the partition

N N-1 .
”o:{CﬂBwEV T E;X\B} and % =\/ T'x,.
=0 =0

For brevity we set A(T, &, pq, €, wP)=A,. Letc €k, ¢ CB. Put

ly(€) =min{l:0< < N—pgq: Tle— A} (10.4)
and inductively
e (¢) = min {L: Lgwy (€) 4 p4< U< N—pg, T'e = Ag) (105)

for as long as /, (¢) can be defined, say to k = k(c). Fix ¢ and i and consider the set
T'iO%ie j=0,...,pg—1. Let ¢¥?E(T’i(c)c) = w(® (we omit the dependence on ¢, i,
7, ¢ and pq in the notation). Since T'()¢ C A, it follows that OM (W, wP) < 2epq.
Consider a minimal sequence of 2s < 2epq elementary M-operations, transforming w(©® to
P . These elementary M-operations can be realized as follows: first we insert into w(©)
in suitable positions, s new coordinates and obtain successively W e Q,g,'pq+ 10
o e Q|£|,pq+s; and then we delete a certain s coordinates from w®? and obtain suc-

cessively w11 € Qg1 pgts—1o - o w(?%) = P . Moreover, if the sequence of M-opera-
tions is minimal, then none of the inserted coordinates is deleted.
Foreachk = 0,1, ..., 2s— 1 we will construct a space X*), a system of sets c](k)
- X(k),]' =0,1,...,pq — 1 + min(k, 2s — k), an automorphism T®). x*) — x(k) 3ng
a partition £F) = {b(k) . ﬁ 1} such that T (k) = c(k) and c(k) e b (k), where
(k) is the jth coordinate of w(k)
For k = 0, put X©) = X and c](o) =Tl e j=0, ... ,pq — 1, and let 7% and

£(9) coincide with T and £ on U;’:qgl cj(o). We describe the passage from k to k + 1. If
k <s, then W& T 1) s obtained from *) by the insertion of some, say the r; th, coordinate
equal to w(k“) Let x(k*+1) = x(k) my(-)» Where for r, # 0

(k)
ny g Crk—l,

Mg {¥) ==
ll for other x,
and forr, =0
. (=1 (R
mk(x):{z’ ye (T e,
1 for other x.
Further, we put TR+ = T(k)(.), c](k“) = c](k), ;=01 ..., 1, c(:+1) =
XEFINY R bt D = oK) j=rp + 1, pg + &, bFTD) = bR if 1 # KD and
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(k+1 (k) (k+1)
b (k+)1) — b8 (k+1) U Crp -

For k =5, w**1) is obtained from w(") by striking out a coordinate whose index, as
before, we denote by r,. In this case we put X<+ 1) = X(k)\c("), T+

8,,“) c(k“) —c(k) i=01, -1, cl(k“) —c](f_)l,j= Ter--- g+ 25—k
-2, gkt b - =) |X(k+ 1)- By ConStructlon (1?9, £29)) has the following property:
(P;‘(]%),E(zs) (C})ZS) =’ (10.6)

Further, T(29 has the form T m(-)> and, since at each stage we add or remove a set of mea-
sure (in X) equal to the measure of c,

| m— 1], < 2su (c). (10.7)

From the same considerations we have

1]
p ( U 6* N bi)) > 1 —2su (). (10.8)
=1
Denote
~ k() pg-1 li (©+f
Ae= U LU UT e (10.9)

=R i=0 j=0
We pass to the derived automorphism 77 _, and repeat the above procedure for each ¢ € &
andi =0, ..., k(c). As a result of these reconstructions we obtain an automorphism
Th(yanda partltlon 3;“ = {bl, .. b|£,} By virtue of (10.4)—(10.6) and (10.9), for
anyxEXA() we have
(pTA g (X)= R'e”

IlI

forsomes€ {0, 1, ... — 1}; that is, (T}, )’ £) is (p, g, 0)-periodic. We note that, in
general, £ # £ ). We w111 estimate llm — 11, 1. By (10.4), (10.5) and (10.9)

~ N-pq ;
Ao (an (0 ra)).
j=0
Therefore by the choice of N and B it follows that

w(Ae) > 1—2e. (10.10)

Summing (10.7) over all c €k, and i =0, 1, . . ., k(c), taking account of (10.9) and the
inequality s < epq, we obtain that on /f

Hm—-l I << (10.11)

(10.1) follows from (10.10) and (10.11). (10.2) follows in the same way from (10.8) and
(10.10). The lemma is proved.

LEMMA 102, Let T: (X, u) — (X, ) be an automorphism, £ ={c;, ..., ¢z }a
partition of X, m € LY(X, u, Z ), lm - 1||L1 =@, and n={d,, ...,d g }a partition
of X, (),where
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/15
u(_U (c: N di)): 1—v. (10.12)
i=1
If (T, &) is (p, q, €)periodic, then (Tm(.), n)is (o, q, (1 — B (e + 2pgB + v"))-periodic.
PrRoOF. Let K C X, K ={x: m(T%)=1,i=0,1,...,2pq — 1}. Obviously u(K)
21— 2pqf, and forx €K
PP = QT ey (65 1) (10.13)

Since £,,(., = £ on K, by (10.12) and (4.18) we have

§ 0" (o, Ff ) (v, D dp < v (10.14)
K
The assertion of the lemma now follows from the (p, q, €)-periodicity of (7, &), (10.13),
(10.14) and the inequality um(,)(A) <1 -p)'u@) forany 4 C XN Xm(,).

The proof of Theorem 4 is now completed by an inductive application of Lemma 10.1,
taking account of Lemma 10.2. Let T satisfy 2. Forn = 1,2, ..., we will construct a
function m,, € LYX, u, Z;'), natural numbers p , g, and a partition E(") of Xm () satisfy-
ing the following conditions:

the random process (T, (-)> E(n)) is(p,, q,, 0)-periodic; (10.15)
Imu—my, !lL1\< _t : (10.16)
100 - 2°p g,
Pe 2% g 27 (10.17)
Let m = lim,_,, m,. Thereisabasis {4}, s=1,2,..., of%[(Xm(,)) such that the sets
AN Xy (9,8 =1,...,n,are approximated up to 1/2" by sets of U(,,): (10.18)

We will deduce from these conditions the H-almost periodicity of T,y LetT, =
(Tmn(‘))ﬁ:,,(-)' It follows from (10.16) that

-~ 1
my—1, < ———} 10.19
Vs < (10.19)
therefore (10.15) and Lemma 10.2 imply that (7,,, ., (E("))'?n(')) is (p,, c,, 27")-periodic.

Finally, (10.18) and (10.19) imply that (E(n));l,,(') is an exhaustive sequence of parti-
tions of X, ) and consequently, by Proposition 8.1, T is H-almost periodic.

It only remains for us to construct m_, p,, q, and E(n). For n = 1 we can use Lem-
ma 10.1 directly. We carry out the passage from n to n + 1. We will suprose that for k =
1, ..., n we have chosen bases Qlk = {Ai‘}, s=1,2,...,in the g-algebras of measurable
sets of the spaces X () By Proposition 9.4, for any partition n of an(.), (Tm,,('): n) is
M-trivial. Choose a partition N+ 1) of an(.) so fine that the sets A;‘ N an(.), k,s=1,

.., n, are approximated by sets of ?I(n(n +1)) Up to 1/100 - 2". We use Proposition 9.1
and choose p, ., and q,, , y, satisfying (10.17), so that (T, (), N, 4.1)) 3 Pry 15 9as1>

g+l P +1 :
1/800 - 2”7 'p, g )-trivial with standard of the form wPa™1 w € Q‘n(n+1)',qn+1' With
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the help of Lemma 10.1 we will construct a function /i, on X ) and a partition E(n+ 1)
of (Xpm,,(y)m (- We denote m_, =m,_ xi,. By Lemma 10.1, conditions (10.15) and
(10.16) are satisfied for n + 1. By (10.2), any set A;‘ VX oy ks=1,...,n,is
approximated by a set from U(£, ;) up to 1/10 - 2”. We denote B* = AFn X, (> and
let A be the sth element of the sequence

1 2 2 n n-1 1
BlvBlvBlv--~yBl’B2 1o--an,....

The sets 4, s =1, 2, ..., form a basis of QI(Xm(_)), and, by (10.19), condition (10.18) is
satisfied for this basis. Theorem 4 is proved.
We mention some immediate corollaries of Theorem 4.

CoROLLARY 10.1. A quotient automorphism of a standard automorphism relative to
any infinite invariant measurable partition is a standard automorphism.

Proor. Condition 2 of Theorem 4 is clearly invariant under the passage to a quotient
automorphism.

COROLLARY 10.2. A projective limit of a sequence of standard automorphisms is a
standard automorphism.

Proor. Let X =limX,, T,: X, — X_ and T = lim T,. Since A(X,) <A (X) and
U?[(X”) = A(X), condition 3 is satisfied for 7.

CoROLLARY 10.3. Let T and S be automorphisms of (X, u), S¥ =T, k€ Z and T
standard. Then S is standard.

Proofr. For k = —1 the assertion follows immediately from the definition of a stan-
dard automorphism. In fact, if T~ D,, ), then 71~ (D‘l);i(_), where m(x) =
m(T " 'x). Since D™! ~ D, it follows that 7-! % D. Therefore it is sufficient to consider
the case £ > 1. Fix & ={c,,..., Cig 1 } and consider E’§ with lexicographic ordering. We
have

kn _ yok Lot
sz == Kig - Prg (10.20)

Choose n so that (T, ££) is (n, €)-trivial with standard w € Q, ¢1% .- Then from (10.20)
and (4.13) it follows that (S, £) is (k - n, €)-trivial with standard K¥;jw € Q) 4, By
Theorem 4, S is standard.

§11. Concluding remarks

1. From what we have proved in this paper it follows that the class of standard auto-
morphisms is sufficiently broad. Thus, even amongst automorphisms admitting a good ap-
proximation, there are automorphisms with such varied and sometimes ‘‘pathological” met-
ric properties (see [25] and [27]) that the metric classification of such automorphisms is
impossible. Corollaries 10.1—10.3 show that the class of standard automorphisms, which
is defined as the minimal class of ergodic automorphisms containing D and closed relative
to the operations of passing to an induced or special automorphism, is in fact closed relative
to some other natural operations. Further, based on Theorem 4, we have succeeded in
proving that the class of standard automorphisms is closed relative to the passage to any
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ergodic compact group extension (%) or finite extension (see [!7]). From these statements
we may easily deduce the standardness (in almost any ergodic component) of a rational
power of a standard automorphism, and any, except the identity, automorphism of a
standard flow; also, the standardness of classes of concrete automorphisms and flows, in
particular, ergodic automorphisms with quasi-discrete spectrum [28], ergodic nilflows [2°],
and minimal distal automorphisms and flows [3°].

2. The first example of a nonstandard ergodic automorphism with zero entropy was
constructed by Feldman [?7]. His construction is inductive and includes in each inductive
step a number of parameters. Let f(rn),n = 1, 2, ..., be any (arbitrarily quickly increas-
ing) sequence of positive numbers. It turns out that by choosing a suitable form of param-
eters in Feldman’s construction, it is possible to guarantee that the automorphism admits
an a.p.t. [ or a.p.t. Il with speed f(n) (see Definition 1.1 of [25]). Of course these ap-
proximations will not be cyclic.

Feldman’s construction (more precisely, a slight modification) admits a smooth reali-
zation. Let M be a connected manifold of class C* (not necessarily compact and pos-
sibly with boundary) in which there is a nontrivial C™ action {T,},0<:<1,T, =id, of
S m = dim M™ > 1, and let g be a finite measure on M™ given in any coordinate neigh-
borhood of positive measure by a smooth density of class C, and invariant relative to
{T,}. Then in any C"-neighborhood of any diffeomoephism T, it is possible to construct
a C™-diffeomoephism, preserving u, ergodic relative to u and metrically isomorphic to an
automorphism obtained by Feldman’s construction. The construction of such a diffeomor-
phism can be realized by a version of the construction in §3 of [3']. The basic difference
is in the replacement of the Second Step, which resulted in the existence of a cyclic a.p.t.
with high speed, by some other condition.

Further, using the methods of [3?] and [33], we can construct on any compact
smooth manifold of dimension 3 or higher a C”-flow, preserving a given smooth positive
measure, ergodic relative to this measure, with zero entropy and which is nonstandard.
From the metric viewpoint such a flow is isomorphic to a special flow over the automor-
phism described in the previous paragraph.

From the purely metric aspect, Feldman’s construction also admits various modifica-
tions and generalizations. Thus Rudolph and the author have independently constructed
a family consisting of a continuum of ergodic automorphisms with zero entropy no two of
which are monotonely equivalent or even connected by the majorizing relation (§2).
Rudolph’s construction [38] is based on a nonsymmetry of Feldman’s construction, in each
inductive step, relative to time inversion. Our construction uses some general invariants of
monotone equivalence, which we call invariants of entropy type.

Let 7 be an automorphism, ¢ a partition (that is, as always above, a finite ordered
measurable partition), € and § positive numbers, and » a natural number. We denote by
NM(T, £, €, 8, n) the minimal number of spheres of radius € in the metric p* on lel,n
whose union has u’}'z-measure not less than 1 — §. From (4.15) and (4.17) it follows that
for any natural number k

(4)This has also been proved by B. Weiss.
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Mopogh R _ M7 e 11.1

N (T1§vn-k+18y6’n k+l)<N (T,t,S,ﬁ,n). ( )
Further,let £ = (c,,...,c,),n=(d,,...,d,)and ZT u(c; Ad;) =4. Then

NM (T' TI,8+ VE’6+V-B!n)<NM(T7§78)6;”’)' (112)

Let m € LY(X, u, Z;) be a bounded function, where [y mdp = vy and max, m(x) = K.
Then, if (7, £) is ergodic, there is a sequence o(n) — O such that

N (T, Emio 2{ &8 +a(n), [yn)) < N (T, % 2,0, n). (11.3)

Now suppose that we have fixed some sequence of natural numbers n,, k = 1,2, .. ..

We call a sequence m, equivalent to n,_ if
0< lim 2% < Tim £ < oco.
M g

We now consider the asymptotic character (in k) of the behavior of the values
NM(T, &, 6, m,) for all possible sequences m, equivalent to a given n, as €, 8 — 0. From
{11.1)—(11.3) it follows that this character does not depend on the choice of generator £
and is invariant relative to monotone equivalence. On passage to a quotient automorphism
the asymptotics can only become “slower”. The monotone invariants obtained from these
asymptotics are called invariants of entropy type. Certainly the definition of these invariants
demands concretization, which may depend on the situation in which they are applied. We
will explain how to carry out this concretization for the construction of the examples men-
tioned above. We construct a certain sequence n, such that

M1

lim = oC,
k—to ﬂk
then partition this sequence into a countable set of subsequences n’}c, i=1,2,....Further,

we construct a sequence l‘;c such that l;; —> o0 a5 k — o0, and for each sequence A = (A,
Ay, e ), 0 <A; < 1, an automorphism 7)) and a generator 'g(A) such that fori =1, 2,
..., forany e, 8§ > 0, and for any sequence m’k equivalent to n’}c

A) (A i

fim )’g. i’_s’ 0
()"

From (11.1)—(11.3) it is simple to deduce that the automorphisms T (A) corresponding to
different sequences A are not monotonely equivalent. Further, if T (A1) < T(A2) | then
each term in the sequence A, does not exceed the corresponding term of A,.

In connection with invariants of entropy type we note the following result of Sataev
and the author [3?]: if for some sequence n, —>

N(T, & & 6, m)<c(T, & & 9),

then (7, §) is M-trivial. From this follows the standardness of the interval shifting automor-
phisms (see [®], Chapter 4, §3) relative to any continuous ergodic Borel invariant measure,
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and also of the C-flows on two-dimensional surfaces having a finite number of fixed points
and separatrices relative to ergodic invariant measures whose support contains an open set.

Retumning to nonstandard automorphisms, we note that Omstein and Rudolph have
constructed an example of a standard automorphism T for which the cartesian square 7' x
T is ergodic but nonstandard. This example disproves certain conjectures on standard auto-
morphisms which appeared to be quite natural.

We list a series of unsolved problems on the connection between standardness and the
commutativity properties of automorphisms.

Let T and S be standard automorphisms, 7S = ST, and let 7.S be ergodic. Is it
standard? Let T be standard, S ergodic and 7S = ST. Is S standard? Let T be standard
and f: S — S! a Borel function, where the operator f(Uy) is generated by some auto-
morphism S. Is S in almost every ergodic component either periodic or standard? Will T
be standard if S is standard? From the above, if f(A) = A", then the answer to this ques-
tion is positive.

Let {T,},n=1,2,..., be asequence of commuting standard automorphisms
weakly converging to 7. Is T in almost every ergodic component either periodic or standard?

3. Sataev ['*] and, simultaneously and independently, Feldman [37] have defined
a class of random processes (MVWB proceses, of LB processes in the terminology of Feld-
man) and the connected monotonely invariant class (WMB automorphisms). Sataev proved
that a WMB automorphism is metrically isomorphic to a quotient of an automorphism
monotonely equivalent to a Bernoulli automorphism, and in the case of zero entropy MVWB
processes are M-trivial (the latter result was also found by Feldman), and consequently, by
Theorem 4, WMB automorphisms with zero entropy are standard. Weiss has proved [3°]
that a WMB automorphism with positive entropy is monotonely equivalent to a Bernoulli
automorphism.

The theorem on standardness of a quotient with zero entropy of an automorphism
monotonely equivalent to a Bernoulli automorphism allows the construction of many new
examples of K-automorphisms not isomorphic to, and even not monotonely equivalent to,

a Bernoulli automorphism. The existence of such K-automorphisms follows from this theo-
rem and the results of Juzvinskii [>5]. Concrete examples are to be found in Feldman

[37] and Rudolph [38] (cf. [3¢]). We note that an approach from the viewpoint of mono-
tone equivalence allows one to positively answer the question of existence of smooth non-
Bernoulli K-automorphisms, put by Ornstein in the book [22]. The construction uses a
nonstandard ergodic flow with zero entropy, as discussed above.

Let S: M — M be a y-diffeomorphism with a smooth invariant measure , {7,} an
ergodic flow with a smooth invariant measure » on a manifold N, f a real positive C*-
function on M, and fo = fyr fdu.

Consider a diffeomorphism R: M x N — M x N preserving u x v:

R (x, ) = (Sx, TrwY)- (11.4)

If M is a torus, then we can suppose there is a constant C > 0, depending only on S,
such that if f < C and there is no continuous function 4 for which

h(Sx)—h(x)=f(x)—F,, (11.5)
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then R is a K-automorphism. In the general case we must replace (11.5) by a somewhat
stronger condition. The result is proved by the methods of the theory of partially hyper-
bolic dynamical systems constructed in [15].

As is easily seen, R is a section of {S{ x T,} (recall that {S{ } is the special flow over
S). We represent {T,} as a special flow over some automorphism 7. Then {S{ x T,} has
another section, in which some extension of T acts, and consequently R is monotonely
equivalent to this extension. If {7,} has zero entropy and is not standard, 7 also has these
properties. If R were monotonely equivalent to a Bernoulli automorphism, then no auto-
morphism monotonely equivalent to it could have a nonstandard factor with zero entropy.

4. The relation of majorization, defined in §2, allows the introduction of additional
structure in the set of classes of monotonely equivalent automorphisms. Unfortunately it
is unknown whether this relation is a partial order. By Proposition 2.5 this would follow
from a positive answer to the following question.

Let £ and n, £ > 7, be two invariant partitions of an ergodic automorphism 7, and let
T 71, Isit true that T 71,2

There are two interesting monotone invariants associated with the majorizing relation.
The height of an automorphism T, denoted B(T), is the least upper bound of the power of
ordered sets I such that there is a system of automorphisms {7}, i €/, with T > T; for all
i€/land,ifi, j €l andi>j, then T; majorizes T, and T, is not monotonely equivalent to
T;. The capacity of T, denoted E(T), is the power of the set of classes of monotonely
equivalent automorphisms which are majorized by 7 but do not coincide with the class of
T. By Theorem 1 the conditions B(T) = 0 or E(T) = 0 are equivalent to standardness. It
is obvious that B(T) < E(T); and, by Theorem 1, B(T) = 1 implies E(T) = 1. Automor-
phisms for which £(T) = 1 naturally may be regarded as the simplest after the standards
from the viewpoint of monotone equivalence. For a WMB automorphism T we have B(T)
=FET) =1if 0 <hT) <o, and B(T) = E(T) = 2 for h(T) = o. It is of interest to know
whether there are automorphisms with zero entropy for which £(7) = 1. If such automor-
phisms exist, then possibly they admit a visible classification up to monotone equivalence.
It is of interest to know what values the invariants B(T) and E(T) can take.

5. As was mentioned in the Introduction and in §2, monotone equivalence can be
defined not only for R and Z but also for more general groups. It would be interesting to
translate the results of this paper to Z™ (see Definition 2.3). The definition of standard
actions of Z™ presents no difficulty. The role of D can be played by the action on V408!
x v x Zfy ) generated by Dy, 1, Dryy, ..., DYy 3 ({; is the ith prime number, 7 = 1,

., m), acting coordinatewise.

Using in R™ the partial order (x,, ..., x,,) <y, - ..,¥,) ifx; <y;, we can, by
analogy with Definitions 2.1 and 2.3, define monotone equivalence for actions of R?. How-
ever, because of a lack of an analogue of the theorem on special representations for m > 1
the results for R™ cannot be obtained as direct corollaries of the results for Z'. We must
therefore directly define the notions of monotone approximation, M-triviality, MVWB, etc.
directly for “time” R™ and then carry over to this case the results for Z and R.

The case of quasi-cyclic time G = | J,_, Z, . mentjoned in the Introduction, merits
extensive detailed consideration. We mention that Stepin has constructed a dyadic sequence
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of partitions € = §; <&, <- - (see [*1 and [°]) such that the subsequence £,,84, &

, is isomorphic to the corresponding subsequence of a standard sequence {7}, but the
sequences { £, } and {7, } are not isomorphic. It would be interesting to classify sequences
with such a property.
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